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PREFACE 

This  study  was  conducted  by  the  Soils  and  Pavements  Laboratory 
(S&PL),  U.  S.  Army  Engineer  Waterways  Experiment  Station  (WES),  for  the 
U.  S.  Department  of  Transportation,  Federal  Aviation  Administration, 
under  Inter-Agency  Agreement  No.  FAT3WAI-37T,  "New  Pavement  Design 
Methodology. " 

The  literatxire  review  reported  herein  was  made  during  June  1975- 
January  1976  under  the  general,  supervision  of  Mr.  James  P.  Sale,  Chief, 
S&PL,  and  Mr.  Alfred  H.  Joseph,  Chief,  Pavement  Investigation  Division 
(PID).  This  report  was  prepared  by  Mr.  James  L.  Green,  PID. 

Director  of  WES  during  the  conduct  of  the  investigation  and  the 
preparation  of  this  report  was  COL  G.  H.  Hilt,  CE.  Technical  Director 
was  Mr.  F.  R.  Brown. 
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INTRODUCTION 


BACKGROUND 

The  nondestructive  nature,  speed  of  testing,  ease  of  operation, 
accuracy  and  repeatability  of  results,  a^id  the  fact  that  moving-wheel 
loads  can  be  simulated  have  made  vibratory  testing  devices  populeu*  for 
airpor'i  pavement  evaluation.  At  least  four  types  of  portable  vibratory 
testing  devices  are  in  use  today.  These  devices  are  the  Dynaflect,  the 
Road  Rater,  a vibrator  developed  by  the  Civil  Engineering  Research  Facil- 
ity of  the  Air  Force,  and  a vibrator  developed  by  the  U.  S.  Army  Engi- 
neer Waterways  Experiment  Station  (WES*).  The  first  two  of  these 
devices  are  available  commercially  and  the  other  two  eu-e  research 
devices.  The  WES  testing  device  is  made  available  to  any  public  agency 
that  requests  it  for  evaluation  purposes. 

The  vibrators  listed  above  (and  others  not  mentioned)  are 
associated  with  different  procedures  that  permit  pavement  evaluation, 
but  none  of  the  vibratory  procedure  combinations  is  considered  to  be 
fully  satisfactory.  In  a WES  study^  for  the  Federal  Aviation  Administra- 
tion (FAA),  a procediire  was  developed  using  the  WES  l6-kip**  vibrator 
that  is  considered  to  be  a significant  improvement  in  nondestructive 
methods  of  evaluating  airport  pavements.  Tliis  procedure  was  based  on  an 
experimental  correlation  of  vibratory  test  results  with  allowable  air- 
craft loads  as  computed  using  the  conventional  direct  sampling  evalua- 
tion procedures.  Improvement  and  upgrading  of  this  procedure  is 
continuing. 

It  is  probable  that  the  procedui'e  referenced  above  will  serve 
airport  evaluation  requirements  for  several  years  to  come.  However, 
being  empirical,  it  can  be  applied  confidently  only  to  the  same  kinds  of 
pavements  and  aircraft  loading  from  which  it  was  developed.  New  kinds 
of  pavements  and  aircraft  of  the  future  could  severely  test  the  efficacy 


* For  convenience,  necessary  abbreviations  and  symbols  are  listed  on 
page  Al. 

**  A table  of  factors  for  converting  units  of  measurement  is  presented 
on  page  ^4 . 
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of  the  evaluation  procedure.  Clearly,  there  is  a need  for  more  analyti- 
cal means  of  designing;  and  evaluating  airport  pavements  than  now  exist. 
That  need  has  long  been  recognized  and  a considerable  effort  iias  been 
made,  and  is  being  made,  to  fill  it. 

Currently,  WES  is  conducting  a study  for  FAA  to  satisfy  commit- 
ments under  FAA-ER-U30-002b,  Amendment  1,  dated  10  September  197^. 
paragraph  3.^,  which  states,  in  part: 

Phase  B of  the  nondestructive  pavement  evaluation  is 
concerned  with  development  of  the  nondestructive  evalua- 
tion method  compatible  with  the  selected  rational  design 
procedure  for  flexible  and  rigid  pavements  described  in 
paragraph  3.3*  A theoretical  analysis  will  be  made  to 
determine  if  the  vibratory  load-deflection  data  can  be 
converted  to  appropriate  modulus  or  other  parameters  for 
use  with  the  rational  procedure.  The  end  product  is  the 
load-carrying  capacity  of  airport  pavements  based  on  the 
nondestructive  test  and  rational  procedure.  Results  of 
the  analysis  will  be  verified  by  experimental  results 
using  all  available  data  at  the  Waterways  Experiment 
Station  and  any  additional  data  obtained  by  the  asso- 
ciated experiments  described  in  the  previous  paragraphs 
on  the  climatological  effects.  A tentative  nondestruc- 
tive evaluation  methodology  developed  in  Phase  B for 
both  flexible  and  rigid  pavement  is  to  be  made  avail- 
able by  the  end  of  fiscal  year  1976. 

The  WES  study  in  progress  is  based  on  layered  elastic  theory  and 
results  of  tests  with  the  WES  l6-kip  vibrator.  The  evaluation  procedure, 
which  is  a reverse  of  the  design  procedui'e,  will  consist  of  first  deter- 
mining the  values  of  the  required  elastic  constants  from  vibrator  re- 
sults and  then  using  those  values  as  inputs  to  one  of  the  existing 
layered  elastic  computer  programs  for  pavement  design,  such  as  CHEVRON, 
BISTRO,  or  AFPAV,  to  predict  the  pavement  performance. 

The  vibrator  test  results  will  be  in  the  form  of  deflections 
measured  at  the  pavement  surface  under  known  loads.  The  success  of  the 
whole  endeavor  rests  heavily  on  the  accuracy  and  ease  with  which  it  will 
be  possible  to  extract  the  elastic  constants  from  the  deflection 


* Paragraph  3.3:  "These  procedures  will  be  selected  or  adopted  from 
various  rational  design  methods  such  as  finite  element,  layered  elas- 
tic theory,  finite  difference,  and  layered  viscoelastic  theory." 
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one  v'f  tlieae,  vleveU'i'evi  by  Weiaa,’  *'  ia  vuiiviue  in  t.l\at  it  ia  tl\e  v'nlj- 
oj»e  baaovi  otA  a nonlinea.r  tliov'ry. 

Ueoauao  of  tlie  imix'rttuioe  v'f  elaatio  v'v'nat.tint a I'er  ae  to  tljo 
onitv'liift  atvivi^v,  a v'v'rv'llany  literatvu'o  3«vu*ol\  was  ov'naivierovi  esaent  ial 
ItiK  elaatio  Ov'nat;uita  (hv'w  meaaurt'vi,  what  values  v'btainevi,  wiiat 
oauaea  variat  iv'n  in  vaUiea,  etv*.  ^ to  support  jutvi  enhanoe  the  larger 
at\ivt,v.  Aooorviiiutly , the  atuvi^’  reportevi  herein  was  vievotevi  tv'  the 
vieve  lv'\Mv.ent  v'f  empiriv'al  evjuat  iv'na  fv'r  viorivinf;  elaatio  ov'nat.-uita  fiv'ra 
meaavirem»'Jit  a mavie  with  the  ViW'  U'-Kip  vibrator.  'Hvia  ropv'rt  alsv'  In- 
oLuviea  a brief  aiunm.ary  of  that  effort. 

H’l'lVi'k: 


'I'lte  purpv'se  of  this  atxivi^v  was  tv'  oon.iuot  a review  of  literature 
in  auppv'rt  of  !U\  .'ngoitif?  at^ni^v  to  vieveK'p  a methv'vi  fv'r  evaUmtintt  air- 
pv'rt  pav«*u'i!ta  baaovi  v'n  the  l.-v^verovi  elaatio  thov'ry  fuivi  uain*;  elaatio 
oonatanta  aa  vieterminevi  frvirA  vibratory  teat  results.  This  rep.'rt  ia 
expeotevi  to  prv'vi.ie  a Ov'nvenietU  referenoe  in  faoi  litat  in^;  effv'rta  to 
vievelop  auoh  a methv'vi.  'n>e  apeoifio  ob.leot  ivea  of  the  atUvi^-  were: 
ia'  review  the  elaatio  oonatiuita  kn.'wn  to  be  of  ai^^nif ioanoe  in  applj- 
i::#t  the  l!\,verevl  elaatio  theory  to  the  evaluativ'n  of  airpv'rt  pavements; 
vb'  vietemine  the  sensitivity  of  pavement  reapv'nses  tv'  ohsu^tea  in  as- 
siftnevi  vahu's  of  el.astio  Ov'nstiuUa;  suui  u''  m.aKe  a preliminary  exjimlna- 
t iv'n  of  the  reiat  iv'nahipa  betwv'en  v'.bratv'ry  test  results  !u\vi  elaatio 
Ov'nstant  a. 


tlv'vM'K 


The  review  of  elaatio  ootjattuita  Ov'nsistevi  of  viefitii'.if:  the  per- 
tinent elaatio  ooi\at;u\ts  .anvl  atatinf:  their  relationships,  ex.aminln<; 
methvxis  for  meaaurinft  them,  re^'v'rt  it:j;  apeoifio  vaUiea  anvi  vari at  iv'na  v'r 
values  of  the  oonatanta,  .anvl  ijuiloatint;  their  reiat  iv'nahipa  with  other 
par.’uaetera.  "he  sensitivity  atUvl;.  Ov'nalatvai  v'f  a review  of  work  by 
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I'aoKtu'd  aiivl  richumaiii  in  which  they,  invlepeiulentiy , uaed  the  layered 
elastic  theory  to  study  tiie  magnitudes  of  chsuigea  that  oocuiTed  in  pi-e- 
dicted  pavement  responses  with  tu'bitrsu’y  changes  in  elastic  constants. 
'Hie  examination  of  the  relationships  between  v'ibratory  test  results  luid 
nvaterlad  pai'aneters  mainly  CvMnprised  a review  of  existing  models,  but 
ads^  icluded  a preliminary  relationship  between  the  results  from  testa 
with  1 i.e  Will  lo-kip  vibrator  and  elastic  mcKluli  developed  especially  for 
this  study,  llje  report  includes  a sutmnary  discussion  ai»d  recommenda- 
tions to  be  considertM  in  plmuiing  studies  to  develop  airport  evaluation 
metlK>dolog,v  based  on  the  la,vered  elastic  theory  and  vibratory  test 


REVIEW  OF  ELASTIC  CONSTANTS 


The  review  of  those  elastic  constants  known  to  be  of  significance 
in  applying  the  layered  elastic  theory  to  the  evaluation  of  airport 
pavements  consists  of  (a)  defining  the  elastic  constants  and  stating 
relationships  between  them,  (b)  examining  test  methods  for  measuring  the 
constants,  (c)  indicating  values  and  variations  of  the  constants  found 
by  several  researchers,  and  (d)  showing  the  relationships  of  the 
constants  to  other  parameters.  The  names  and  symbols  for  the  elastic 
constants  and  the  units  in  which  they  are  expressed  are  given  as  they 
were  used  by  the  references  cited. 

DEFINITIONS  AND  RELATION- 
SHIPS OF  ELASTIC  CONSTANTS 

QUASI-STATIC  ELASTIC  CONSTANTS 

Elastic  Modulus,  E . In  the  study  of  materials,  it  is  common  to 
plot  the  relationships  between  stress,  o , and  strain,  e . Figure  1 
illustrates  a material  under  uniaxial  stress,  and  Figure  2 shows  a 
generalized  stress-strain  graph  for  the  material.  Each  material  has  a 
unique  curve.  For  a certain  distance  from  the  origin,  the  experimental 
values  of  stress  versus  strain  lie  essentially  on  a straight  line, 
except  that  for  some  materials  the  straight  part  of  the  curve  hardly 
exists.  Nevertheless,  up  to  some  point,  such  as  A (Figure  2),  the  re- 
lationship between  stress  and  strain  may  be  said  to  be  linear  for  all 
materials.  This  generalization  is  known  as  Hooke's  law  and  for  uniaxial 
loading  is  expressed  in  equation  form  as 

a = Ee  or  c = — 

£i 

which  means  that  stress  is  directly  proportional  to  strain  where  the 
constant  of  proportionality  is  E . For  the  case  of  a three-dimensional 
state  of  stress,  the  generalized  Hooke's  law,  valid  for  an  isotropic 
homogeneous  material,  leads  to  the  equations: 


Figure  1.  Material  under  uniaxial  stress 


STRAIN.  ( 

Figure  2.  Stress  versus  strain 


t = TT  lo  - \'{0  + 0 ) I 

z 1‘.  z X y 

wht'ft* 

I = iiv'cmtil  tilf.'iiii  u\  tin*  X,  y,  of  z ^lireotiou 
K = flHiit 'u'  imvluhia 

o = nofiual  at  roiUJ  in  t lie  x,  y,  or  2 ilireotiou 
r = I'o  iHr.v'ii ' ri  rat  io 

The  ooiiataut.  K , the  elastio  mohulua,  ia  a vlet'iuite  property  ot'  a mate 
rial.  it.  alao  ia  oalle^i  the  ooet'fioient  ol'  elaat  ioity  atui  Younf;'a 
movlu  I iia . 

litiooiit’ined  oiay  ia  one  mat  erial  i\'r  whieli  a at  reaa-at  ra i n v'nrve 

ia  far  from  linear.  K'r  anoh  a mata-rial,  it  ia  often  expedient  to 

employ  variationa  of  K to  eharaoLerlr.e  the  material.  The  moat  eom- 

nu'nly  inusl  are  , the  initial  tan^tenl  iiuvlnlua;  , the  t anpa'iit 

movlnlua;  K , the  aeeant  tiuHlnlua;  aiui  I'l  , the  hyatereaia  nuHlulua. 
a h 

l\'  i aaon  ' a Hat  io , v ^ I'he  elaativ'  mohnlua  rtM'lt'et.a  a piMperty 

v'f  a material  in  the  .lireetion  >'f  an  applied  t'oret'.  At  ri(.;ht  an^loa  to 

a 1‘ori‘e  applied  tv>  an  element,  l‘'i(.tiirt'  t ahowa  the  lateral  expanaiv'ii  or 

oontrai'lion  t hal  t aktni  plaoe.  I'lu'  lateral  det'ormat  iv'iia  per  unit 

len>;th  .are  termed  lateral  atraina.  huteral  atraina  hear  a ovinatant 

relat  ioiiahi  p to  tin'  loiif^it  iid  inal  or  axial  atraina  eauaed  hy  an  axial 

f.'ree,  provided  .a  material  remaina  elaatii’  .and  ia  hi'mo^tait'oua  and 

iaotropie.  For  the  t w.>-d  imena  iona  1 eltaiient  iFlfture  O,  the  poaitive 

nornifii  at  reaa  ia  o /F  . However,  the  poaitive  tu'rmal  atreaa,  v'  , 

X y 

alao  pro.tui’ea  a atr.aln  lunaiial  to  the  y-2  plant'  that  ia  opjx'aitt'  in 
direetli'ii  tv'  the  atrain  produoed  hy  o . 'I'lila  lateral  atr.'iin  ia  ei\nal 
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Figure  3.  Two-dimensional 
homogeneous  isotropic 
rectangiilar  element  of  unit 
thickness  subjected  to  a 
biaxial  state  of  stress 


V 


o 


_JL 


E 


Eind  the  total  lateral  deformation  in  the  x direction. 
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is  equeuL  to 


For  the  three-dimensional  state  of  stress,  the  lateral  strain  produced 
by  is  equal  to 


Poisson's  ratio  is  a definite  property  of  a material.  Just  as  is  the 
elastic  modulus. 

Shetirlng  Modulus  of  Elasticity,  G , For  small  deformations  in 
the  elastic  reuige  of  a material.  Figure  k illustrates  the  linear  rela- 
tionship between  the  shearing  stress,  t , and  the  angle,  y . If  y 
is  defined  as  the  shearing  strain,  mathematically  the  extension  of 
Hooke's  law  for  shearing  stress  and  strain  is 
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T = Gy  or 


T_ 

G 


where  G is  u constant  of  proportionality  called  the  shearing  modulus 
of  elasticity  or  the  modulus  of  rigidity.  For  a tlu'ee-dimensionai 
state  of  stress,  the  generalized  Hooke's  law  leads  to  three  equations 
for  shearing  strain: 


xy 
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Like  K , G ia  a conatmit  for  a giveji  elaatlc  material.  It  ia  mea- 
sured In  the  aome  units  aa  E (e.g.  pai ) ; > ia  measured  in  radiana 
a dimenaionleaa  qutuitity  (y  is  aometimea  stated  aa  percent). 


Helationahip  of  E , v , and  G . The  appearance  of  the 
T - Y diagrams  ia  airaiiai'  to  ttiat  of  the  u - t diagrams  for  a tenaion 
teat  for  the  same  material.  However,  for  tlie  same  material,  the  numeri- 
cal values  of  the  shearing  stresses  are  much  lower  than  (approximately 
one  half)  the  corresponding  values  for  the  normal  stress.  The  tliree 
elastic  constants  ai'e  not  independent  of  each  other  for  homogeneous 
materials.  'Ilie  equation  which  shows  tlieir  relationship  la 


G 


E 

L"(l  + v) 


'iliua,  if  any  two  are  determined  experimentally,  the  third  may  be  com- 
puted. 'ilie  shearing  modulus,  G , is  always  leas  than  the  elastic 
modulus,  E , since  the  roisaon'a  ratio,  v , is  a positive  quantity. 

DYNAMIC  ELASTIC  CONGTANTG 

The  airport  pavement  evaluation  method  under  eojjsideratlon  is 
concerned  with  in-place  states  of  stress  in  pavements  subjected  to  mov- 
ing wheel  loads;  therefore,  the  material  properties  under  ilyntunic  load- 
ing must  be  considered.  The  stress-strain  relationships  indicated 
earlier  for  quasi-static  loading  apply  also  for  dynamic  loading  in  the 
case  of  lineal'  elastic  materials;  however,  it  should  be  noted  that 
quantitative  values  of  the  dynamic  response  su'e  frequency  dependent. 
Poisson's  ratio  and  sheai'ing  modulus  of  elasticity  usually  have  tlie 
some  basic  definitions,  and  the  relationship,  G = E/2(l  + v)  , for 
quasi-static  conditions  is  also  used  for  dynamic  conditions.  However, 
for  repetitive  loading  conditions,  G is  commonly  determined  for  a 
given  strain  amplitude  and  a given  cycle  of  loading.  The  dyiuuuic 
elastic  modulus,  however,  takes  a number  of  forma.  Those  forma  referred 
to  in  this  study  are  defined  in  the  following  paragraphs. 

Resilient  Modulus,  MR  . The  resilient  modulus  of  elasticity  is 
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the  ratio  of  the  repeatedly  applied  deviator  stress,  ^'’o  " *^1  ~ °3 

where  equals  axial  stress  and  equals  confining  stress),  to  the 

recoverable  axial  strain.  is  usually  determined  at  a given  stress 

level  and  cycle  of  loading. 

Complex  Modulus.  E*  . The  complex  modulus,  E*  , is  a complex 
number,  E*  = + iE^  , whose  magnitude,  |e*|  ~ yj  * ^2  ’ 

ratio  of  the  axial  stress  to  axial  strain  dui'ing  a uniaxial  compression 
test,  nie  laboratory  test  to  determine  |E*|  is  similar  to  that  used 
to  determine  , except  that  sinusoidal  loading  is  used  for  |e*|  and 
pulse  loading  is  used  for  . Ttie  values  of  1e*|  are  used  inter- 
changeably for  elastic  moduli  values  by  some  researchers.  If  values  for 
E^  , the  real  component  of  the  complex  modulus  where  strain  is  in  phase 
with  stress,  ajid  E^  , the  imaginary  component  of  the  complex  modulus 
where  the  modulus  of  strain  is  90  deg  out  of  phase  with  the  stress,  are 
desired,  the  "loss  angle,"  6 , must  be  measured  in  the  laboratory. 

'llie  strain  vector  lags  behind  the  stress  vector  by  , the  tangent  of 

which  is  known  as  the  "loss  tangent,"  defined  by  tan  0^^  = 

ing  0 and  |e*|  allows  the  solution  of  the  two  simultaneous  equa- 

Li 

tions  I'or  E^  and  E^  . 

Stiffness  Modulus.  The  stiffness  modulus  is  a modulus  of  elas- 
ticity computed  from  the  results  of  repetitive  load  tests  on  thin  cir- 
cular slabs. 

Dynamic  Stiffness  Modulus.  DSM  . The  dynamic  stiffness  modulus 
is  the  ratio  of  load  to  deflection  when  the  load  is  a specific  steady- 
state  vibratory  load. 

M1.THODS  FOR  MEASUR- 
ING ELASTIC  CONSTANTS 

The  following  paragraphs  reference  and/or  briefly  describe 
several  test  methods  for  measuring  elastic  constants  for  Portland  cement 
concrete  (FCC)  and  asphaltic  concrete  (AC)  wearing  surfaces,  treated  and 
untreated  base  materials,  and  subgrade  materials.  A detailed  descrip- 
tion of  test  methods  is  beyond  the  scope  of  this  report.  The  tests 
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dlaouaaeU  utumlly  art*  per t'oniwsd  in  the  laboratory,  with  one  exception, 
the  wave  velocity  teat,  wliich  normally  ia  a field  teat. 

bUich  parfi^raph  la  lieaded  by  a teat  reference  (Ai.''l’M,^’  OHD-C, ' 
etc.)  or  tuuue  reference  (Maaaachnaetta  Inatltnte  of  i'ecluiology  (MIT), 
Glynn  and  Kirwsui,  etc.)  foli<.'wed  by  a aymbol  for  the  conatant  meaaiu'ed 
(K  , V , etc.)  by  the  reference,  in  parentlieaea. 

rCC  WKAIUNG  GUHKAGKb 

AG’l’M  and  CHD-0  PI  ^ (K  tuvd  v).  Quaal-atatlc  methoda 

for  determining  v and  K of  I'CC  are  Al'TM  bealf^natlon  for 

compreaaion  teating  and  CKl'-C  -I  for  flexure  teatln^.  'lljere  apparently 
la  t\o  eatabliahed  procovlure  for  directly  determining  the  vinaa  l-at  atlc 
alvear  imninlna  of  PCC. 

Att'l’M  (I').  T’hia  teat  method  la  aivnetlmea  uaed  to  deter- 

mine tlie  modiLlua  of  elaatlcity  of  concrete.  It  Involvea  tlie  pulae 
velocity  of  compreaa  Iona  I wavea.  However,  t l\e  prvH'edure  la  not  reci'Hi- 
monded  for  eatablialilng  tl>e  compliance  of  the  modnJna  of  elaatlcity  of 
field  concrete  with  that  aaavuued  In  deaign  becauae  the  pnlae  velocity 
ia  not  Influenced  by  minute  cracKa  In  a concrete  pavement,  iuul  the  teat 
procedure  iiuiy  aaalgn  a higher  value  of  K to  a cracked  pavement  than 
actual 4'  J t i f 1 ed . 

MIT  and  Will  (l>yntunic  K).  A dynfuulc  moduhia  of  «'laatlclty  foi" 

I'CC  haa  beta;  determined  under  a alngie  concentrated  Kaul  by  a mucliine 
developed  by  MIT  and  modified  by  hundeen  at  VfKG.  Tl>e  device  yielded 
aatlafactory  reaulta  for  Civnpreaalve  teating,  but  Improvement  a to  t tie 
apiviratua  were  reciviunended  for  flexural  t eating.  Tl\e  Impai.  t U'ad  la 
produced  by  driving  a platon  with  nit.rogen  uiiiltM-  1 ,i\\'-pai  pr*  aaure.  A 
cot\at ant-a U'pe  loading  pulae  ia  provhiced  that  p«'iGva  in  approx  .a.t'ly 
I maec.  Inatriunentat Ion  conaista  of  a 10,000-lb  capacity  loavl  cell  and 
an  oBcllloacope  modified  to  prv'vide  only  one  trigger  aweep  or  to  be  uaed 
with  a d-c  amplifier  and  an  x-y  recorder.  The  atrulna  are  meaaured  with 
:lH-4  atraltj  gagea  iu\d  are  recorded  on  a dual-trace  oaci  lloacope  eciviipped 
witli  a CJimera.  Kor  the  teat,  a cyllndricjil  apeolmen  encaaed  in  a 


lb 
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flexible  membrtuie  la  plaeovl  In  u trlaxlui  ovMupreaalon  ohaiiiber,  aubJeott*d 
to  H oouatfuU  lutei-Hl  fluid  preaaure,  tuid  then  loaded  tuiall)'  to  fuiliu’e. 
I’he  aiie  of  the  teat  apeolmen  la  limited  to  l-l/l?  In.  In  dltuueter  by 
t In.  In  helt^ht. 


^^u•lIlo  t^iKlneee  Valuea  of  K at  rui'toi'e  were  obaerved 


by  Miu'lllo  toiglneer In*;  fr>.\m  reaulta  of  teata  on  eonorete  beiuua  loaded 


at  three  polnta.  llu'  teat  la  almllar  to  that  deaoribed  In  ^'IID-C 


IhiiKan  ll>^'namle  K^.  harKan  uaed  a aoimd  generator  to  exolie 
King  It  udlna  I or  tr.'uuwerae  wavt*a  of  varloua  freijuenolea  In  oonorete 


ajuiiplea  to  determine  dynsunlo  valviea  of  K . 


'Kl'-O  KKso'  ilh-njuiilo  K 


and  v}.  I'rooedvirea  f 


or  meaaiu*- 


Ing  frequenolea  of  conorete  prlmua  and  oyllndera  of  IVC  for  the  pvu'poae 
of  oaloulat  Ing  ^lymuulo  K , d , and  v are  vleaorlbed  in  dKD-O  lvi-':)i). 

Aa  with  the  pulae  veloolty  teat,  the  prooeviure  la  not  reo<.muuended  for 
eatabllalilng  tlie  ovuupllanoe  of  t tie  itK'dulua  of  elaatloity  of  field  oon- 
orete  wltli  t tiat  aaaiuned  in  dealgn.  Alao,  apeoimena  of  tlie  atuue  conorete 
t tiat  var>  In  ai.-.e  .and  atiape  may  yield  different  computed  iiKHlulua  valuea. 
In  tlila  proc«'dure,  K and  d are  determined  Independently  jukI  v la 
calculated  uaing  tlie  formula  v ■ K K'd  - l)  . 


Ad  WHUtlNd  itUKKAdli; 


Nv'  refert'iicea  were  found  to  quaal-atatio  K , v , or  d or 


.lynamlc  v or  d t eating  procevlurea  for  Ad. 


Waalilngton  dtate  lUilveraity  ^ iWlUl)  luid  tlie  Aapdialt  Institute^*' 


kl*  I ) . botli  Wd'U  and  Al  uaed  | K*  | for  tlie  elaat  ic  modulua  vif 


aaphalt  concrete.  Neither  of  the  above  referencea  deacribea  the  teat 


app.aratua  or  teat  procedure  In  detfill;  however,  WltU  reveala  that  teat 


apeclmena  are  compacted  to  average  denaltiea  (denaity  of  teat  track 
under  utialy')  In  moKla  It  In.  In  disuiieter  .and  I'  In.  high.  The  o>.Miiplex 
movlulua  la  the  axially  appllevl  ainuaoidal  atreaa  t\uictlon  divided  by  the 
reaultlng  ainuaoidal  atraln.  In  the  aerlea  of  teata  deacribevl  in 
Keference  1 1,  three  frequenclea  of  atreaa  application  (1,  U,  tuul  lb  cpa) 
tuid  three  temperaturea  (*u),  fO,  and  lOtV’K)  were  uaed  in  cotnbinat  ion  with 
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a single  stress  level  (35  pai ) to  describe  the  response  of  asphalt  con- 
crete under  dynamic  loading. 

1 3 

Glynn  and  Kirwmi  (Stiffness  Modulus).  In  their  stud>'  of 
environmental  factors  and  flexible  pavements,  Glytui  mid  Kirwan  initially 
tried  to  determine  resilient  moduli  of  bituminous  mixtui'es  using  beam 
specimens  with  third-point  loading.  They  foiuui  that  the  concentrated 
loads  induced  localised  displacements  mid  that  testing  of  short  beams 
was  complicated  by  shetu'  deflection,  lliey  developed  a device  for  test- 
ing thin  circular  slabs,  the  results  from  which  allow  cmputation  of 
stiffiiess  modulus,  ‘llie  device  consists  of  a loading  frame  that  incor- 
porates a flexible  pressure  pad  mid  pulse  generator.  'Hie  pressui'e  pad 
ai*ea  was  made  approximately  equal  to  a tire  imprint.  Pulsed  loading  is 
produced  by  a rotor  valve  fitted  to  a compressed  air  line,  'llie  slab 
diameter  was  tiiree  times  the  pad  diameter.  A testing  rate  of  25  cpm  was 
used  along  with  a maximum  applied  pressure  of  5 psi.  Higtier  pressiu'es 
produced  excessive  creep.  Tlie  authors  noted  tliat  the  Texas  Trmisporta- 
tion  Institute  eai'lier  developed  a similar  device  of  wliicli  ttiey  were 
not  awsu'e  at  the  time  of  tlieir  study.  Tliey  found  ttie  stifl'ness  modulus 
of  dense  AC  to  be  between  75.000  and  125,000  psi  at  20‘\'.  In  tlieir  cal- 
culations, Poisson's  ratio  was  estimated  to  be  0.35  or  0.!i5  for  several 
independent  tests. 

TKliATKD  BAl'^E  NUTTOIALC^ 

The  method  for  testing  treated  base  materials  depends  on  the 
amovuit  mid  type  of  treating  agent  used  in  the  base  material.  For  ex- 
mnple,  if  a granular  base  coui’se  material  is  treated  with  enough  cement, 
it  will  behave  similiu-  to  i’CC  and  beam-shaped  specimens  could  be  tested 
in  flexure.  However,  materials  stabilized  with  small  amounts  of  lime  or 
salt  may  require  small  cyliiuirical  teat  specimens.  Therefore,  tests  to 
detemine  K , v , and  G of  treated  materials  ma.v  either  be  similar 
to  those  described  earlier  for  PCC  and  AC  or  to  those  described  later 
for  untreated  bases  mid  aul*grade  materials,  i.e.  soils,  depending  vVi  the 
nature  of  the  material.  Mi'St  treated  bases  probably  resemble  wearing 
surfaces  more  closely  than  they  do  subgrades,  and  their  elastic 
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constajits  are  probably  influenced  by  mix  proportions,  temperature, 
stress  level,  and  frequency  of  loading  to  the  same  extent  that  those  of 
comparable  wearing  surface  materials  are  influenced. 


UNTREATED  BASE  MATERIALS 

Untreated  base  materials  usually  are  crushed  rock  or  granular 
soil.  Methods  for  measuring  quasi-static  values  of  elastic  constants  in 
untreated  base  materials  are  the  same  as  those  for  subgrade  materials. 
Tliree  types  of  tests  used  to  determine  dynamic  values  of  elastic  moduli 
* are  discussed  in  the  following  paragraphs. 

Repetitive  Triaxial  Compression  Test  (Mr).  This  is  the  most 
common  test  for  dynamic  elastic  modulus.  It  is  described  later  under 
test  methods  for  subgrade  materials. 

Dorman  and  Klomp^**  (Dynamic  E).  These  researchers  determined 
dynamic  values  of  E by  measuring  the  velocity  of  transverse  waves  that 
were  radiated  from  a vibratory  load  on  the  untreated  base  material.  In 
this  type  of  testing,  electronic  sensing  devices  are  placed  on  the  sur- 
face at  various  distances  from  the  vibrator  to  determine  a wavelength. 

E is  then  calculated  from  the  relationship 

E = q X d X f(X)^ 


where 

q * factor  dependent  on  Poisson's  ratio 
d = density  of  the  material 
f = frequency  of  wavelength 
X = wavelength 

Hardin^ ^ (G).  Hardin  has  done  extensive  work  with  the  shear 
modulus  of  soils  and  base  course  materials.  For  shear  testing  of  base 
course  materials,  he  used  a torsional  resonant  column  device  at  the 
University  of  Kentucky.  A torsionally  vibrating  table  produces  tor- 
sional vibration  of  the  sample  about  its  axis.  The  frequency  of  vibra- 
tion is  measured,  eind  the  resonant  frequency  is  used  to  compute  the 
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shear  modulus,  llieory  for  the  resonant  colimin  test  results  is  found  in 
"The  Natui'e  of  Damping  in  Seinds."^^ 

SUBGRADE  MATERIALS 

Quasi-static  tests  from  which  the  elastic  constants  of  E , v , 
and  G can  be  determined  for  soils  ai*e  probably  routine  for  most  soils 
laboratories;  however,  there  are  some  difficulties  in  detemining  v 
because  of  the  problem  of  measuring  the  small  magnitude  of  lateral 
strains  involved.  Standard  triaxial  tests  generally  are  used  for  E 
aiid  V determinations. 

Dynamic  testing  of  soils  is  less  well  established  then  quasi- 
static testing  but  is  becoming  more  common  in  the  fields  of  road  and 
airport  design  and  evaluation  because  test  results  more  neai'ly  simulate 
the  behavior  of  soils  under  moving  wheel  loads.  At  least  seven  labora- 
tories are  presently  engaged  in  research  of  dynamic  testing  of  soils: 
the  Asphalt  Institute  Laboratory  in  College  Park,  Maryland;  Construction 
Engineering  Research  Laboratory  in  Champaign,  Illinois;  University  of 
Kentucky  in  Lexington;  University  of  California  in  Berkeley;  Cold  Regions 
Research  and  Engineering  Laboratory  in  Hanover,  New  Hampshire;  WES;  suid 
University  of  Illinois  in  Urbana-Charapaign,  Illinois. 

WES  (Mr).  The  test  for  resilient  modulus  is  similai*  to  a stan- 
dard triaxial  test.  Definitions  and  procedui'es  suggested  by  WES  ai'e 
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found  in  Teclinical  Report  S-75-10.  The  deviator  stress  is  applied 
repetitively  and  at  several  stress  levels.  A constant  lateral  stress 
(chamber  pressure)  is  maintained.  The  test  equipment  is  similai*  to  a 
standard  triaxial  cell,  the  major  difference  being  that  there  must  be 
some  external  loading  source  capable  of  providing  a variable  load  of 
fixed  cycle  and  load  duration.  The  expression  for  resilient  modulus  is 


where 

* deviator  stress  * “ ^3  ’ repeated  axial  stress 

* total  axial  stress 
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■ total  radial  stress  (continuing  pressure  in  the  triaxial 
test ) 

e„  * recoverable  axial  strain 

n 

Resilient  Poisson's  ratio  is 


r 


where 

c = resilient  lateral  strain 

Xj 

r 

= resilient  axial  strain 
n 

V 

No  published  results  of  laboratory  determination  of  resilient  Poisson's 
ratios  were  found.  Load  versus  time  curves  for  the  resilient  modulus 
tests  can  take  a variety  of  shapes,  that  is,  haver sine,  sawtooth,  haver 
square,  etc. 

l4 

Dorman  euid  Klomp  (Dynamic  E) , Domian  and  Klomp  used  their 
wave  velocity  method  to  determine  an  in-place  dynamic  elastic  modulus 
for  subgrade  materials. 

Hardin  (G).  In  his  work  with  the  sheoi*  modulus  of  soils, 

Hardin  obtained  dynamic  values  by  applying  a torsional  load  about  the 
axis  of  a hollow  cylinder  of  soil  that  was  confined  in  a pressiu'e  cham- 
ber. Tlie  system  could  apply  a maximum  torque  of  60  kg-cm,  and  the  rate 
of  loading  for  the  tests  varied  from  approximixtely  0.2  to  1*50  kg-cm 
per  hour.  Tests  were  conducted  for  strain  amplitudes  as  small  as  about 
0.00001  to  as  large  as  0.005. 

VALUEt^  AND  VARIATIONS 
OF  ELASTIC  CONSTANTS 

The  followi:\g  paragraphs  provide  values  of  elastic  constants 
and/or  describe  their  variation  with  several  factors,  for  PCC  and  AC 
wearing  surftices,  treated  and  untreated  base  materials  and  subgrade 
materials,  as  found  by  several  researchers.  The  elastic  constant(s) 
discussed  in  a paragraph  is  (are)  shown  in  parentheses  at  the  end  of  the 
paragraph  heading.  Qmuititative  data  are  given  in  the  same  units  as 
used  by  the  referenced  authors. 
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Fopov^^  (E).  Popov  indiouted  that  the  elastic  modulus  of 
concrete  varies  with  water-cement  ratio,  he  gave  a value  of 
E = 2,000,000  psi  for  7-1/2-gal/sack  concrete  tuid  E = 3,000,000  psi 
for  o-gal/sack  concrete. 

Barkan'*' (E).  In  electroacoustic  testing  of  concrete,  Bai'kan 
showed  how  Young's  modulus  (E)  viu'ies  with  the  age  (T  and  28  da^'s)  and 
composition  of  concrete.  Table  1 shows  that  in  five  of  six  cases  eiging 
increased  E from  6.7  to  26.2  percent.  In  the  sixth  case,  E was 
reduced  8.2  percent. 

20  i* 

Yoder"  and  the  Portliuui  Cement  Association  (PCA)  (E  and  v). 

Both  Yoder  and  the  PCA  suggested  that  tlie  elastic  modulus  smd  Poissoh's 
ratio  of  concrete  can  be  assumed  to  be  U, 000, 000  psi  suid  0.15,  respec- 
tively, for  most  cases. 

21 

Materials  Reseai*ch  and  Development"  (MRP)  (E  tmd  v).  MKD  used 
AOTO  Test  I^'ocedui'e  CUo9-65  in  evaluating  tJu'ee  PCC  test  sites  at  San 
Francisco  International  Airport  sukI  determined  the  elastic  moduli  of 
the  concrete  to  be  i,U!i0,000,  3,500,000,  tuid  3,000,000  psi.  They  as- 
sumed Poisson's  ratio  to  be  0.15. 

Murillo  Engineering^  (E).  Murillo  Engineering  used  the  results 
of  tests  on  concrete  beams  loaded  at  tliree  points  to  determine  the 
modulus  of  elasticity  at  ruptui'e  for  six  test  sites  at  Houston  Inter- 
continental Airport.  Table  2 presents  the  results,  and  E values  com- 
puted used  the  eiiuation 


E = 


Pi— 

1*3IA 


1 + (2.1+  + 1.5v) 


.81+Mi 


where 

P = maxiraiun  load,  lb 
4 ■ span,  in. 

I = moment  of  inertia  of  beam,  in. 


r - 1 

■ ! 


A = deflection,  in. 

V = Poisson's  ratio 
h = depth  of  beam,  in. 

E values  range  from  362,663  to  1,289,61+2  psi. 


Table  1 

Variation  of  Young's  Modixlus  with  Age  and  Composition 
of  Concrete  (After  Barkan^ 


Composition 

Age  of 
Concrete 
days 

Young's 

Modulus 

ol 

Concrete* 

tons/m^ 

psi 

1:2.55:2.55 

T 

3,600,000 

1+,  600, 000 

28 

3,810,000 

1+,  910, 000 

1:3. 0:3.0 

7 

3,020,000 

3,890,000 

28 

3,810,000 

1+, 910, 000 

1:1.93:3.23 

7 

3,530,000 

1+,  550, 000 

28 

1),  110, 000 

5,300,000 

1:2.61+:!+.  05 

7 

1+,  320, 000 

5,570,000 

28 

3,960,000 

5,110,000 

1:3.76:3.0 

7 

3,100,000 

It,  000, 000 

28 

3,670,000 

1+,  730, 000 

1:1+. 65:6.18 

7 

2,950,000 

3,800,000 

28 

3,310,000 

1+,  270, 000 

* Cement:  sand ‘.coarse  aggregate  'by  volume). 
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Table  2 

Summary  of  Flexural  Strent^th  oT  Concrete  Beams  (Al’ter 
Murillo^)  at  Houston  Intercontinental  Airport 


Beam 

No. 

Location 

Modulus  of  Elasticity 
at  Rupture,  psi 

1 

Sta  15+12.5,  Taxi way  A 

362,663 

2 

Sta  6o+3T.5»  Taxi way  B 

642,534 

3 

Sta  63+12.5,  Taxiway  B 

601,780 

4 

Gta  89+3T-5,  Runway  14-32 

762,248 

5 

Sta  68+37.5,  Taxi way  K 

1,289,642 

6 

Sta  70+12.5,  Taxiway  K 

683,308 
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Meville  (K  , v , Dynamic  E , Dynamic  v).  Neville  suggested 
that  the  higher  the  li  of  the  aggregate  is,  the  higlier  will  be  the 
modulus  of  the  resulting  concrete.  Figure  5 shows  the  relationship 
between  E and  compressive  strength  for  four  gravel  aggregate  mixes 
and  a similar  (single)  relationship  for  several  expanded  clay  (light- 
weight) aggregate  mixes  of  different  proportions.  'Jlie  E of  light- 
weight aggregate  concrete  is  usually  between  ItO  and  Oo  percent  of 
the  E of  oiainary  concrete  of  the  some  compressive  strength.  Since 
the  E of  lightweight  aggregate  differs  little  from  tlie  E of  the 
cement  paste,  mix  proportions  do  not  affect  the  E of  liglitweight 
aF.gregate  concrete. 

Neville  further  stated  that  the  quasi-static  v of  both  ordinai-y 
and  lightweight  concrete  varies  from  0.11  to  0.21.  Dynamic  detex’mina- 
tion  yields  average  values  of  about  0.2*i. 

In  the  determination  of  the  natui'al  frequency  of  concrete  beams 
for  the  purpose  of  calculating  E , Neville  suggested  that  since  during 
the  vibration  of  the  specimen  a negligible  stress  is  applied,  the 
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Figure  5*  Static  modulus  of  elasticity  of  concretes 
made  with  gravel  aggregate  and  expanded  clay  aggre- 
gate and  tested  at  different  ages  up  to  one  year 
( after  Neville22 ) 

dynamic  E refers  to  almost  purely  elastic  effects  and  is  luiaffected 
by  creep.  Therefore,  the  dynamic  E is  approximately  equal  to  the 
determined  in  the  static  test  and  is,  therefore,  appreciably  higher 
than  . Figure  6 shows  that  the  ratio  of  static  to  dynamic  E in- 
creases with  an  increase  in  the  strength  of  the  concrete.  For  a given 
mix,  the  ratio  increases  also  with  age  (Figure  7).  The  static  modulus 
was  determined  at  1000  psi  in  Figures  6 and  7.  Figure  8 shows  that 
the  dynamic  E determined  by  transverse  vibration  of  cylinders  in- 
creases almost  linearly  with  an  increase  in  their  compressive 
strength. 

Orchard  ^ (v).  Orchard  stated  that  v of  concrete  vai'ies  with 
the  richness  of  the  rai'x  (proportion  of  cement  to  total  aggregate,  by 
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3000  4000  SOOO  6000  7000  6000 


COMPKESSIVe  STRENGTH,  PSI 

Figure  8.  Relation  between  the  dynamic  modulus 
of  elasticity,  determined  by  transverse  vibra- 
tion of  cylinders,  and  their  compressive 
strength  (after  Nevllle^^) 
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weight).  It  ia  uj'proximutely  0.20  I'oi’  a 1 to  lt-1/2  mix,  O.iO  I'or  u 
1 to  6 mix,  ami  O.Od  Tor  u 1 to  9 mix. 

WEti  (K).  Tuhie  3 preaeuta  I'eavilta  of  quaai-atatic  and  dynamic 

(aingie  concentrated  load)  teata  by  WEO  to  determine  E values  for  low- 

and  hlgh-atrength  concrete  at  three  different  levels  of  confining  stress, 

o , . The  quaai-atatic  values,  E , were  determined  using  a standard 
3 ca 

triaxial  compression  device,  and  the  dynamic  values,  E^^  , were  detei'- 
mined  using  tiie  MIT  device.  Tlieae  test  I'eaulta  show  tliat  tiie  E values 
lutder  ti\e  teat  conditions  vai'ied  by  a maximum  factor  of  l.^i  when  tiie 
confining  pressure  clianged  from  0 to  ^>00  pal,  by  a maximum  factor  of 
l.Y  between  low-  and  hlgh-atrengtii  concrete,  and  by  a maximum  factor  of 
1.2  between  quaai-atatic  and  i.tynamic  teat  metliods.  lynamic  testing  con- 
sistently yielded  liiglier  elastic  modulus  values  tlian  did  static  testing. 

AC  WEAK  INC.  CUKKACE2 

Clynn  and  Kirwan^'^  (E).  Tliese  I'esearcliera  suggested  tliat  tiie 
modulus  of  AC  is  influenced  by  mix  proportions  as  well  as  temperature 
but  made  no  stutly  ol'  tills  point. 

2li  , . 

Morgan  and  Ecala  (E;,  Krimi  observations  of  tests  performed 
luider  roiling  wlieeis  in  wliicli  tliey  examined  tiie  strain  gage  output,  Mor- 
gan and  Ccaia  decided  tliat  E is  influenced  by  stress  level,  loading 
rate,  and  tejiipernture. 

Otlier  Kesearchers  (E).  Several  otlier  reaearcliers  also  liave 
suggested  tliat  temperature,  stress  level,  loading  I’ate,  and  mix  propor- 
tions have  aignificant  influence  on  E in  AC. 

'•)k 

Klomp  and  Niesman*"  (E).  Figure  9 shows  a I'elat  ii'iishlp  develope.l 
for  modulua,  temperature,  and  frequency  of  loading  by  KUimp  and  Nlesman. 
Modulus  decreases  very  rapidly  with  lui  increase  in  temperature,  less 
rapidly  with  a decrease  in  rate  of  loading  (vehicle  speed). 

26 

Izatt  et  al.^  (E).  Izatt  et  al.  developed  a reiationahip 
between  elastic  modulus  and  temperature,  which  reveals  that  for  the 
range  in  temperatures  that  exists  in  an  AC  wearing  surface  the  modulus 
can  vary  by  a factor  of  ten  (Flgiu'e  10). 
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ELASTIC  MODULUS. 


Figure  9*  Asphalt  eojicrete  modulus  re- 
lated to  temperature  and  rate  of  loading 
(vehicle  speed)  (after  Klomp  and 
Niesman^^ ) 


Figure  10.  Variation  of  elastic  modulus  .of 
AC  with  temperature  (after  Izatt  et  al.^^’) 
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Wltozak.  (E),  For  a hot  environment,  Witczak  selected  limiting 
design  modulus  values  of  from  200,000  psi  at  100  strain  repetitions  to 
100,000  psi  at  1,000,000  repetitions.  At  1,000,000  repetitions,  the 
limiting  modulus  varied  from  100,000  psi  to  about  230,000  psi  for  cold 
climates. 

Figure  11  gives  Witczak's  relationship  for  temperature,  asphalt 


; Figure  11.  Effect  of  temperatui’e  and  frequency  upon 

typical  asphalt  concrete  dynamic  modulus  (after 
Witczak^T ) 

concrete  modulus,  and  frequency  of  loading.  Hie  relationship  is  quali- 
tatively similar  to  the  one  in  Figui'e  9. 

Cook  and  Ki'ukar^^  (Qynamic  E).  Figure  12  shows  a plot  of  ilyna- 
mic  modulus  versus  temperature  for  an  asphalt  concrete  surface  course. 
Tlie  liynamic  E of  the  surface  coui'se  vai’ies  from  60,000  psi  at  100‘^F 
to  1,300,000  psi  at  i40"F. 

Fagen  ( | E* | ) . Ijysmer  et  al.*"  reported  Pngen's  1965  work  re- 
lating the  absolute  magnitude,  |e*1  , and  phase,  or  loss,  angle,  0 , 

Li 

of  the  complex  modulus  to  the  frequency  of  loading,  for  a typical 

AC  at  77°F.  F’igure  13  gives  this  relationsliip.  The  absolute  value, 

i |E*|  , increases  from  0 at  0 frequency  to  approximately  700,000  psi  at 

1 


a frequency  of  100  rad/sec  (15.9  Hz). 


ABSOLUTE  VALUE  PSI 


0.5* 1 1 1 1 1 • 

40  50  60  70  80  90  100 


TEMPERATURE,  ‘F 

Figure  12.  Dynamic  modulus  versus  temperature  re- 
lationships for  asphalt  treated  base  and  asphalt 
concrete  surface  course  (after  Cook  and  Krxikarll) 


Figure  13.  Magnitude  and  phase  angle  of  complex  elastic  modulus, 
E , as  a function  of  angular  frequency  at  77°F  (after  Pagen^S) 
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PHASE  ANGLE  DEG 


Stiffness  Modulus, 


In  the  evaluation  of  San  Francisco 


Airport,  MRD  gave  a summary  of  stiffness  modulus  values  of  AC  at  70°F 
for  four  test  sites.  The  values  are  ^50,000,  550,000,  570,000,  and 
600,000  psi.  No  details  of  the  test  procedure  are  given.  For  the  same 
four  test  sites,  Poisson's  ratio  was  assumed  to  be  O.UO. 


TREATED  BASE  MATERIALS 


Cook  and  Krukar^^  (Mr  , E*  , and  v).  In  Figure  lU,  Cook  and 
Krukar  showed  a plot  of  M^^  versus  confining  pressure,  , for  four 

samples  of  SS  - Kh  emulsion-treated  base  (SS  - kh  is  a slow  setting 
grade  cationic,  emulsified  asphalt).  Poisson's  ratio  was  assumed  to  be 
O.^tO.  Three  samples  (B,  C,  and  D)  were  cured  six  months  in  plastic  bags, 
the  other  (A)  was  not  cured.  Each  sample  was  tested  at  a different 
temperature;  the  cvired  samples  at  Uo,  70,  and  100°F,  and  the  uncured 
sample  at  80°F.  Figui'e  ll*  presents  the  density  of  each  sample.  If  the 
samples  had  all  been  treated  the  same  (all  cured  or  all  not  cured),  the 
curves  probably  would  have  ascended  on  the  plot  in  a decreasing  order  of 
temperature,  i.e.,  D,  A,  C,  and  D (see  Figure  11  for  temperature  effect 
on  E).  This  did  not  occur,  however,  probably  because  ciiring  raised  the 
Mp  values  of  curves  B,  C,  and  D.  The  effects  of  density  are  not 
readily  apparent. 

Figiire  15  shows  a curve  of  dynamic  modulus , 1 E*  j , versus 

temperatiire  for  a special  asphalt-treated  base  at  a density  of  ll4l*.9  pcf. 
The  |E*|  value  varies  logarithmically  from  1,600,000  psi  at  l40°F  to 
110,000  psi  at  100°F.  Poisson's  ratio  was  assumed  to  be  O.i+0. 

Figure  l6  gives  a curve  for  a class  F asphalt-treated  base  with  a 
density  of  lh7.2  pcf  , and  one  for  a hot-mix  sand  asphalt  base  with 
density  of  ll6.6  pcf.  Class  F base  has  a crushed  basalt  aggregate  with 
the  widest  gradation  range  of  any  asphalt  concrete  specified  by  the 
Washington  State  Highway  Department.  The  cxirve  for  the  class  F asphalt 
base  shows  substantially  higher  values  of  [e*]  than  does  the  c\irve  for 
the  hot-mix  sand  asphalt  base  because  the  density  of  the  former  material 
is  considerably  higher.  The  effect  of  different  aggregate  gradations  is 
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40  SO  60  TO  SO  «0  t'O 


TEMPERATURE  "E 

Kigure  15«  Djniainio  modvU.us  versus  tenperut  ui-e  I'eljir  ionships  t'er 
asphalt-treated  base  (after  Cook  !uui  Krukar^^ ' 


TEMPERATURE.  'F 


Figuj'e  16.  Dynamic  modulus  versus  temperature  relationships  for 
class  F asphalt-treated  base  suui  hot -mix  ssuul  asphalt  base 
(after  Cook  and  Ivrukai’H) 


.1^ 


uiao  probul'l^v  rei'lootc'd  in  the  .iifferent  Ik"*!  valuess.  roisiK'n'is  ratio 
wtiiS  astiuitiovl  to  I'o  O.UO. 


hiU'ker  et  ai.' 


v) . hocsiuao  the  tennile  atron^th  of  oenont- 


and  lime-stab  I iiiod  material  is  lower  than  the  Oi^uupressi  ve  strenjtth, 
hj\rker  et  al.  detemined  the  properties  of  these  materials  in  indireet 
tensile  testiUft.  I'ejuent-  iuut  lime-stablli::ed  ola^v  test  speeimens  were 
U.O  in.  in  di;uueter  b.v  .'‘.s  in.  in  heiftht  . Ol}i.vey  jjrav'elly  stuid  mate- 
riiil  was  molded  into  a o-ln.-diam  by  i* . ‘'-in. -hljjh  speeimen.  The  speoi- 
mens  under  stU'l.v  were  impaot  Ovunpaeted  to  fielvl  oonditions  of  density 
and  moistvire.  Aceurate  measui'ement  of  horizontal  deformations  was  not 
possible;  tiierefore,  I'oisson's  ratios  were  not  obtained  in  t!ie  series  of 
tests  desoribed  in  Keferenoe  Itarker  foiuui  m.'U'ked  inoreases  in 

K with  increases  in  cement  contetit.  "able  It  lists  the  modvilus  values 

’.'able  ''i 

Tensile  Stren^tth  atid  Modulus  of  hlastioity  of  Oment-;'tabi  li ced 

-''J  N 

Materials  i After  barker  et  al.  ' 


Material 


leiui  clay 

t.O  percent  cement 
10.0  percent  cement 
>.*'  percent  lime 

(.'lityey'  fji-avelly  sjuid 
.t . 0 p ei’c  en  t c emen  t 
10.0  percent  cement 


Indirect  Tensile 
strength,  psi 


Modulus  of  Klast icily 
K . psi 


b , itOO 
itt',000 
lb, >00 


l4l.O 


bl.lOO 

OJb.OOO 


determined  in  the  testinit.  i’oisson's  ratio  was  assiu:ied  to  be  0.."’  for 
all  materials  siiowji  in  '"able  It. 

Mhl’'^"*'  IK  . v).  MliO  foimd  tlie  cement-treated  base  at  Otm  Fran- 

cisco International  Airv'ort  to  Imve  an  elastic  modulus  of  1,100,000  psi 

tuid  a i'oisson's  ratio  of  0.30.  ‘lliese  values  were  determined  usinti  AO'l’M 
\ t' 

Oesignatlon  O-ted-eS. 


Ufri’KilATUl  BASK  MATKRIALS 


aiid  Klomp^*^  (Dynaiiilo  E).  Untreated  bases  are  subject  to 
the  same  kinds  of  variations  in  elastic  constoiits  as  ai*e  subjjrade  mate- 
rials, discussed  later.  One  kind  of  valuation  tJiat  should  be  mentioned 
here,  however,  is  the  ap^^arent  dependency  of  the  ilynamic  elastic  modulus 
of  an  luitreated  base  material  on  the  modulus  of  the  underlying  subgrade, 
f’igui'e  IT  gives  the  relationship  that  I'lommi  tuid  Klorap  found  from  wave 
velocity  measvirements.  'Ilie  ratios  of  modulus  of  elasticity  of  the 


Modulus  of  Lowor  Lavof.lip  cm* 


Figui-e  IT.  PytitfJuio  moduli  of  mibound  granular 
la.vers  (after  Dorman  and  ^vl^.'anp^^) 
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untreated  base  materials  to  modulus  of  elasticity  of  the  subgrades  for 
the  man>'  cases  tested  all  fall  in  the  range  from  1 to  5-  'Hie  average 
ratio  is  approximately  2. 

Cook  and  Ki'ukai'^^  (Mr)«  Cook  and  Ivrukar  perfomed  tests  on 

samples  of  an  untreated  base  material  (crushed  basaltic  rock)  at  three 
different  water  contents  (W/C),  7.*+  percent,  3.0  percent  (dried  in  air), 
and  saturated  under  vacuum.  All  samples  were  compacted  at  7.^  per- 
cent W/C. 

Figure  l8  shows  the  relationship  of  to  confining  pressui'e, 

, for  the  tlu'ee  samples.  The  cui've  for  the  sample  with  the  lowest 
W/C  (3.0  percent)  plots  well  above  the  curves  for  the  other  two  samples, 
which  ai-e  neai'ly  coincident.  increases  with  increasing  confining 

pressure,  and  there  appeal's  to  be  a tendency  for  all  cui'ves  to  coalesce 
at  very  high  confining  pressui'es. 


Figure  19  presents  the  same  samples  on  a background  of  ver- 

sus bulk  stress,  6 . Bulk  stress,  or  the  first  stress  invai-iant,  is 
the  sum  of  the  principial  stresses  (6  = + O2  + ^ ‘ driest 

s'unples  continues  to  show  the  highest  values  of  , and  increases 

with  increasing  6 . 


Olyiui  and  Kirwan^'^  (Mr).  Figures  20-22  show  the  relationship  of 
modulus  of  resilient  axial  deformation  (same  as  M^^)  to  cell  pressm'e 
0^  , i.e.,  confining  pressure  for  a gravel  with  a di*y  density  of 
127.8  pcf  and  a moistui*e  content  of  9.^  percent,  a gravel  with  a dry 
density  of  131.1*  pcf  and  a moistore  content  of  7.15  percent,  and  a 
crushed  stone  with  a dry  density  of  128.1  pcf  and  a moisture  content  of 
7.85  percent,  respectively'.  The  deviator  stress  ~ '^3  ’ 
in  Figui'e  20,  and  10,  20,  or  30  psi  in  Figui'es  21  and  22)  is  indicated 
for  each  point  plotted.  While  not  overwhelming,  the  evidence  indicates 
that  increases  with  increasing  density  and  decreasing  moistui'e 

content  and  is  not  significantly  affected  by  deviator  stress. 


Allen"^^  (%).  Allen  has  siunmai'ized  the  results  of  repeated  load 
triaxial  tests  to  determine  for  several  mitreated  base  materials 
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SOIL  TYPE  GRAVEL 

grading  to  astm  spec 

DRY  DENSITY  131.4  PCF 
MOISTURE  CONTENT  7.15  PERCENT 


DEVIATOR 

STRESS 


SOIL  TYPE  CRUSHED  STONE 
GRADING  TO  ASTM  SPEC 
DRY  DENSITY  1^8.1  PCF 
MOISTURE  CONTENT  7.85  PERCENT 


DE  VIATOR 
STRESS 


in  'I'uble  5*  'I’hia  table  preaenta  the  reaeareher ( a ) , the  material  tented, 
the  rutifie  of  valuea  found,  luid  eonmieiita  on  the  teat  eonditiona. 

The  variation  in  valuea  of  for  a j^lven  material  luid  between  mate- 

rlala  ia  aeen  to  be  quite  wide  in  tumie  eaaea.  From  the  table,  it  ap- 
peai’a  that  atreaa  level  had  a threaten  effeet  on  tluui  did  the  other 

teat  faetora  (frequency  aiul  duration  of  load,  moiatiu’e  content,  t?rada- 
tion,  void  ratio,  dry  denalty,  and  rate  of  deformation ) ; however,  auch 
a conclualon  on  the  baala  of  the  data  ahown  can  only  be  conaldered 
tentat ive. 

T«Me  ■) 


SuMBiarY  oT  Hei<««tpvl-U>«d 

Ti'luxlni  Tent#  to  Kv»lu«to  the  Keellient 

of  Oi*nul«'  lAflor 

KepPAivhvr 

N*(«rl«a 

Civnenta 

l. 

:«eevl  Mtul 

.'1,100  to  OT.dOO 

Variisl  frenuriK\v  and  duratlt'u 
ot'  Iv»ad 

> 

tiiiyuea  iukI 

Orevel  aiul  orviBhevt 

»toue 

to  6 3, WO 

Varied  niv'lrtturr  oontenl  and 
gradat  it>n 

J. 

lUare2 

Hounded 

It). TOO  t.)  SU.MK' 

Varied  «lreatt  levela  and  void 
ratio 

1.. 

Ti'ollopp,  Lee 
tuivl  MorrlH 

1‘oorly  t^raded  dry 

BlUld 

35,000  to  VS.tXW 

Varied  Htrean  levela, 
dry  denalty,  rate  of 
defoimiat  Ion 

s. 

IXmlttp 

Well  Kr»ded 
litfgr  egMte 

30,000  to  160,000 

Varied  Btreea  levels 

6. 

Ml  try 

l>ry  gravel 

r.OtWo®' to  l.'JOOt/’’'’^ 

Varied  strena  ievela 

■f. 

Urhi  f t'iey 

Crushed  gravel 

U.lXKlOj'''''  to 

Varied  OKUsture  oinitent 

8. 

Kealiuu'hiUi 

Aggregate  l^aae 

aggregate  auLbaae 

to  o.vooF''**^ 

Varied  Btreaa  level  a 

V. 

Hti'ktf  Miul  Ktiin 

Aggregate  l^ae 

to  oi.otXMt"''’" 

Varied  mt'ialure  Os'ntent 

iri  cont'lnliitC  pressure*;  0 Iti  tnilh  ♦ 0.^  ♦ i' ^ 

• 

Allen^^  ( 

y) . Allen  haa 

suimnari'^ed  Hicks' 

atuily  of  some  of  the 

factors  that  influence  the  resilient  I’oiaaon'a  ratio  of  untreated  base 
materials  from  teats  similar  to  those  conducted  at  Whi'..  in  FlKure  ;''l, 
a plot  of  realllent  v againat  the  principal  atreaa  ratio,  * 

shows  that  the  v for  the  dry  apecimen  la  approximately  twice  that  of 
the  wet  one  and  that  the  vju'ioua  confining  pressures  had  some  effect  on 

I»1  f 


L. 


0.9 


CONFINING 
PRESSURE 
PSI 
□ 2 
O S 
A B 
O10 
020 


DRY  SPECIMEN 


■PARTIALLY  SATURATED 
SPECIMEN 


PRINCIPAL  STRESS  RATIO  |i’,/<’,) 

Fif^uro  C3.  ijectuit  I'oiation's  rutio  tis  ii  t'uiictlon 
oC  principal  atreai!  ratio  with  partially  oruahod 
aggrt'f^ate,  low  denaity,  ooai’ae  grading  (aftt'r 
llloka;  aiumiiar ivied  by  Allet\30) 

the  reaulta.  in  Figm*e  2lta,  A.llon  (llicka)  ahowa  two  plots,  one  for  a 
coarsely  graded  material  and  tlie  otlier  for  a med liuu-graded  material. 

Facli  containa  curves  for  stuupies  at  0 luul  100  percent  aat\u‘ation  and  at 
tui  intermediate  saturation.  A relative  denaity  ia  indicated  for  eacli 
curve.  Figure  2lib  also  shows  v veravia  plots  for  a coai'sely 

graded  and  a finely  graded  material,  in  tiieae  plots,  tlie  aiunplea  are 
dry,  and  relative  denaltiea  ai'e  indicated. 

On  tile  basis  of  extuiiination  of  tlie  foiu'  plots,  it  ciui  be  con- 
cluded tentatively  that  water  content  ia  the  moat  aignlficmit  factor 
(tlie  drier  tlie  siuiiple,  the  higher  the  v)  tuul  that  increasea  in  relative 
density  usually  correspond  to  decreases  in  reailient  v . 

Hardin  (C!) . In  teats  on  19  gravel  samples,  lliu'dln  e.xtended  hia 
earlier  work  with  soils  to  arrive  at  the  following  expression  for 
gravela,  which  summarized  the  factors  that  cause  variations  in  the  shear 


moduli  of  coarse  materials. 
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ESILIENT  POISSON'S  RATIO 


PRINCIPAL  STRESS  RATIO 


PRINCIPAL  STRESS  RATIO 


a.  EFFECT  OF  DEGREE  OF  SATURATION  ON  THE  RELATIONSHIP 
BETWEEN  RESILIENT  POISSON'S  RATIO  AND  PRINCIPAL  STRESS 
RATIO  (p,,  Pj)  WITH  PARTIALLY  CRUSHED  AGGREGATE 


RESILIENT  POISSON'S  RATIO  AND  PRINCIPAL  STRESS 


RATIO  (P,  'PJ)  WITH  PARTIALLY  CRUSHED  AGGREGATE 


And  dry  samples 

Figure  2k.  Kesilient  Poisson's  ratio  versus  principal  stress 
ratio  (after  Hicks;  sununai'i zed  by  Allen-^®) 


where 


G = maximum  shear  modulus,  which  is  equal  to  the  initial 

tangent  modulus  or  secant  modulus  for  strain  amplitude 
^0.00001,  bars 

Y = parameter  that  may  depend  on  particle  composition  (see 
Table  6 for  some  values  of  Y) 

= particle  size  corresponding  to  5 percent  passing,  mm 

e = void  ratio 

= effective  mean  principal  stress,  bars 

Table  6 

Average  Values  of  Y for  Different 
Materials  (After  Hardin^^) 


Material 

Value  of  Y 

Crushed  limestone 

1146 

River  gravel 

1I43 

Standard  Ottawa  sand 

110 

Natui’al  soils 

132 

Figiire  25  illustrates  how  Hardin  found  that  the  shear  modulus  was  in- 
fluenced by  shear  strain  amplitude  and  confining  pressux'e  in  crushed 
limestone,  river  gravel,  and  Ottawa  sand,  respectively.  Hai'din  presents 
similar  graphs  for  l6  other  materials  or  combinations  of  materials  in 
Reference  18.  These  figures  show  that  incremental  changes  in  G are 
greater  with  increases  in  strain  at  low  stress  levels  than  at  higher 
levels  and  that  increases  in  confining  pressiure  provide  significant  in- 
creases in  G . 

SUDGRADE  MATERIALS 

Values  of  elastic  constants  for  subgrade  materials,  especially 
fine-grained  soils,  vai’y  widely  because  of  the  extreme  sensitivity  of 
such  values  to  soil  properties  (tyj^e,  water  content,  etc.)  and  to  in 
situ  and/or  test  conditions  (confining  press\u*e,  strain  amplitude,  etc.). 
It  is  important  to  note  that  elastic  constants  determined  in  the  labora- 
tory often  are  not  accurate  for  field  conditions.  Terzaghi  and  Feck^^ 


4 


I 


L. 


and  Bowles  agree  that  the  stress-strain  characteristics  of  granular 
materials  are  essentially  the  same  in  the  field  and  the  laboratory; 
however',  for  soils  with  cohesion,  the  elastic  moduli  are  many  times 
greater  in  the  field  than  indicated  by  the  laboratory  tests.  It  also 
is  important  to  note  that  stress-strain  curves  of  soils  are  not  straight 
lines;  they  generally  are  concaved  downward  and,  therefore,  have  no 
definite  elastic  limit. 

Much  of  the  discussion  on  values  and  variations  of  elastic  con- 
stants in  subgrade  materials  that  follows  is  fundamental  or  qualitative. 
Quantitative  data  are  presented,  where  available. 

31 

Terzaghi  and  Peck.  Terzaghi  and  Peck  used  the  illustration  in 
Figure  26  to  demonstrate  the  stress-strain  relationships  of  a typical 

saturated  clay  soil.  In  this  illus- 
tration, the  abscissa  and  ordinate 
represent  the  vertical  stress  on  an 
unconfined  clay  specimen  ajid  the 
corresponding  vertical  strain, 
respectively.  The  curve  Oc  shows 
the  manner  in  which  the  strain  in- 
creases while  the  stress  is  in- 
creased at  a constant  rate.  If 
the  load  is  held  constant  at  some 
value,  the  sample  continues  to  get 
shorter,  as  indicated  by  the  horizon- 
tal line  ab.  The  rate  of  shortening 
decreases  with  time  and  finally  becomes  equal  to  zero,  provided  the 
shearing  stress  on  the  potential  surface  of  failure  is  smaller  than  the 
stress  required  to  produce  creep.  The  resumption  of  loading  at  the 
original  rate  leads  to  a curve  that  Joins  the  main  branch  Oc  without 
any  break. 

If  the  load  is  removed  at  the  same  rate  at  which  it  was  previously 
applied,  the  elastic  recovery  is  smaller  than  the  preceding  com- 
pression. If  the  load  is  again  applied,  the  recompression  curve  Joins 


Figure  26.  St.ress  versus 
strain  for  an  unconfined 
clay  specimen  (after 
Terzaghi  and  Peck^l) 
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the  main  branch  without  any  breaks , aind  the  decompression  and  recompres- 
sion cui'ves  enclose  a liysteresis  loop.  As  soon  as  the  stress  becomes 
equal  to  the  unconfined  compressive  strength,  , of  the  material,  the 

specimen  fails  by  shearing  or  bulging. 

Since  for  most  soils  the  stress-strain  cui’ve  Oc  in  Figure  26  is 
curved  tluroughout  its  entire  length,  the  relation  between  stress  and 
strain  for  soils,  unlike  that  of  elastic  materials,  cauinot  be  expressed 
by  a single  numerical  value  E . In  order  to  compare  the  stress-strain 
^ properties  of  different  soils  or  those  of  the  same  soil  under  different 

conditions,  one  of  the  following  four  quantities  may  be  used:  the 
initial  tangent  modulus  , the  tangent  modulus  E^  , the  secant 
modulus  E^  , or  the  hysteresis  modulus  E^^  . These  quantities  are 
equal,  respectively,  to  the  slopes  (stress  per  unit  of  strain)  of  the 
dash-dotted  lines  in  Figure  26.  The  secant  modulus  E^  represents  the 
average  slope  of  the  stress-strain  curve  for  the  range  in  stress  between 
zero  and  some  arbitrary  value  . 

If  on  undisturbed  clay  specimen  is  first  tested  and  then  re- 
molded at  unaltered  W/C  and  tested  again,  it  may  be  observed  that  the 
values  of  q^  and  E are  vei-y  much  smaller  for  the  remolded  than  for 
the  luidisturbed  material,  but  the  general  character  of  the  stress-strain 
diagram  remains  unaltered.  The  magnitude  of  the  decrease  of  strength 
and  stiffness  depends  on  the  degree  of  sensitivity  of  the  clay.  If  the 
remolded  specimens  are  allowed  to  age  without  change  in  water  content, 
their  strength  and  stiffness  increase  at  a rate  that  decreases  with  time, 
but  it  is  doubtful  whether  they  would  ever  attain  values  corresponding 
to  those  for  the  undisturbed  specimens. 

The  stress-strain  characteristics  of  partly  confined,  normally 
loaded  clays  are  sirailai*  to  those  of  fine-grained  and  saturated  loose 
sands.  However,  at  a given  confining  pressure,  the  values  of  confined 
compressive  strength,  q^  , and  E for  clay  ai*e  very  much  smaller  them 
the  corresponding  values  for  sand.  If  a unidirectional  stress  is  added 
to  an  all-around  pressure  in  clay,  the  relation  between  this  stress  and 
the  corresponding  strain  is  similar  to  that  shown  in  Figure  27  for  loose 
semd. 
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.'T  shows  a plot  of  Initial  t!U4;ont  modulus  versus  oonfin- 
.j  iiijt  prossiu-e,  p^  , for  dense  ;uid 

loose  ssuuls.  The  of  oonfined, 

'®  “ normally-  loaded  o Iti^-s  increases 

like  that  of  a loose  stuid,  in 

/ simple  proportion  to  p ; that,  is 


Pj  kj  rm* 

Kigure  .IT.  Initial  tauijent 
modulvis  versus  oonfinin*; 
pressures  for  sand  laftei' 
Ter-!\<thl  atui  I'eok'l) 


The  valxie  ol’  0 depends  on  tiie  t.vpe 
of  oi{V>’  :uKi  on  the  conditions  of 
di*ain5i<te.  If  the  cli^v  is  first  cm- 
pletel^.'  consolidated  vmder  p and 

v' 

the  luiidirectionai  stress  is  added 


without  permit t in*.’:  the  water  content  of  the  specimen  to  ciian*5e,  the 
value  of  C rjuijves  from  aKnit  10  for  hifthl.v  colloidal  cliv.Ys  to  100  for 
silty  or  slifthtly  sand^-  citkjs. 

Umibe  and  WhiUntur^'^  (K  and  v).  u’unbe  suid  WhlUuiui  detenuined 
that  it  is  difficult  to  find  the  bh  acciu'atel^v  because  the  slope  of 
the  sti'ess-strain  curve  clnuises  rapdilj,-  even  at  small  strains.  They 
also  found  that  the  bh  modulus  as  determined  fivva  the  first  loadiiijt  of 
a trijcxial  test  usuallj'  is  much  less  tluui  the  modulus  Cvanputed  from  wave 
velocity. 

I,ambe  and  Wliitrotui  stated  that  the  effect  of  the  actual  state  of 
stress  on  modulus  is  not  clear,  but  the  best  available  informat  ion  shows 
that  movlulus  depends  on  the  avemvte  of  the  initial  principa'.  stresses; 
that  is. 

^ ■'  TTTir 
V'’v 


where 


vertica.1  stress 

the  ov^ef f ic lent  of  lateral  stress  at  rest 


'n»e  evluation  ia  true  oivly  when  1/'^  < K v ::  .uui  when  the  t'aetor  of 

o 

safety  against  failui'e  is  two  or  greater. 

The  elastic  modulus  decreases  suid  I'oisson's  ratio  increases  as 
strain  level  increases.  Lambe  and  Whitmsui  presented  a rei.ati>.yiship 
between  , and  , which  is 


o 

V 


where  a iuid  b are  constants  suid  subscripts  h iuid  v mean 
"hori;:ontal"  and  "verticiU.,"  respectively . The  general  form  of  this 
empirical  expression  indicates  that  the  modxiUis  depends  heavily  on 


s t r es s level. 

Liunbe  and  Vflutmi.an  made  the  following  general  statements: 

a.  The  raodulvis  of  a soil  decreases  with: 
il)  An  increase  in  deviator  stress. 

(J)  A soil  distvirbsuice. 

b.  The  modiilus  of  a soil  increases  with: 

il)  An  increase  in  consolidation  stress. 

(J)  An  increase  in  overconsolidation  ratio. 

An  increase  in  .‘iging. 

(J*)  An  increase  in  strain  rate. 

Lambe  and  vniitmtui  also  st.atevi  that  during  the  early  rtuige  of 


strains  for  which  the  concepts  of  theory  of  elasticity  JU'e  viseful,  the 
Toisson's  ratio  is  vsu'ying  with  strain  iuid  for  smids  bec^viies  constiuit 
only  for  liu'ge  strains  that  impl.v  failure;  then  it  has  a value  greater 
thim  v'l.'i.  I'oisson's  ratio  is  less  than  0.''  only  during  the  early  stages 
of  strain  where  the  specimen  decreases  in  volume,  because  of  this 
behavior,  it  is  difficult  to  make  an  exact  evaluation  of  v . Kor  early 
stages  of  a first  loading  of  a sand,  when  ptu’t  icle  rearrsuigement  s ai'e 
Importiuit,  V typically  has  values  of  about  0.1  to  0..'.  IXiring  c.vclic 
loading,  V bec-.vnes  more  of  a constant,  with  values  fiavn  O.s  to  O.^i. 
However,  satisf.actory  estimates  of  v of  low  satvu'ated  !Uid  thilly 
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i.U-ain  of  f'tiiui  mid  E Moduli 


Figure  dt?.  E versus  water  oonteiit  I'or 
oliij.'  (after  l^tvrkmil'-^) 


* Although  values  ^0.5  for  Foissou's  ratio  have  been  observed  in  the 
laboratory,  these  upper  limits  are  not  valid  for  use  in  elastic  Uveory 


since  the  bulk  modulus  of  elasticity,  defined  as  K/3(l  - 
dates  to  infinity  if  v = O.'"'  . 


calcu- 


F..  r clay,  Barkan  found  that  the  E modulus  depended  on  water  con- 
tent, grain  si’ce,  and  porosity.  Figiu*e  .18  sliows  how  E values  obtained 


drain  Bitte 
of  Sand,  null 

1. JS-1.^0 

1.00-1..'‘> 

O.oO-O.bO 

0.3?-0.o0 

0.30-0.3:5 

O.dO-0. 30 


saturated  soils  tu'e  0.35  and  0.5,  respectively,  for  i.iost  computations.* 
10  . , 

liarkan  jE).  Barkmi  concluded  that  the  E modulus  of  sand  con- 
taining no  silt  or  cla,v  does  not  chmige  di'asticall.v  with  grain  siao. 
Table  7 stiows  how  E varies  witli  sands  of  different  grain  sines. 


IS 

»,  PERCENT 


from  compression  tests  on  clay  cubes  varied  with  water  content.  An 
enipirical  formula  that  expresses  the  E modulus  of  clay  in  terms  of 
water  content  is 


where 

E = value  of  modulus  with  zero  moisture  content 
o 

W = moisture  content  of  clay  at  time  of  interest 

W = moisture  content  of  the  clay  for  which  the  modulus  is  very 
small 

Figure  29  presents  Barkan's  relationship  between  E of  a clay  and  its 

void  ratio,  e . In  a change  of  void  ratio 

V,  2-° r — 

from  0.32  to  0.93,  the  value  of  E changes 

fourteenfold,  from  1700  to  120  kg/cm*^.  '*  j c = 

Table  8 gives  the  values  of  E modulus  ’■*  ^ , 

determined  by  Barkan  for  nine  different  soils.  '*  ! 

o , , L_ 

It  is  apparent  that  soil  name  alone  is  no  clue  7 I ^ 
to  an  E value.  6 


Barkan  summarized  his  study  of  E 
values  for  soils  with  the  following 
conclusions: 

On  the  basis  of  those  data,  it  is  pos- 
sible to  conclude  that  Young's  modulus 
for  clayey  soils  depends  to  a large 
degree  on  physiomechanical  properties. 

While  the  va.lues  of  E for  sands  change 
comparatively  little,  those  for  clays 
and  clays  with  silt  and  sand  may  change 
greatly  depending  on  the  moisture  con- 
tent, the  void  ratio,  and,  to  a lesser 
degree,  the  grain  size.  Since  the  data  now  available  ai’e 
not  sufficient  for  generalizations  concerning  the  effects 
of  these  characteristics  on  Young's  modulus,  it  is  not 
possible  to  recommend  any  values  of  E for  cohesive 
soils  for  use  in  design  computations.  It  is  necessary 
to  determine  the  design  values  of  E in  each  case  by 
direct  testing  of  undistui'bed  soil  taken  from  the  con- 
struction site. 


Figirre  29.  E versus 
void  ratio  for  a clay 
(after  BarkanlO) 
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81  c Ison  (M^).  An  liKlloutod  by  (.bin  I'croi'i-noc , for  nomc  noiln 

the'  rotillli'iit  huhIiiJiu)  o;ui  I'o  nlgn  t I'louiit.I..’  Ki'otilc'r  llititi  t.lu'  hkhIuIuh 
Oolormlnod  from  a tilnglo  tiLallo  t.onl  and  In  an  aooJ ol.i\'i>,l o I'roi'ort.y  In 
lioiiK'Kt'nta'un  t.U'ponit.n  ol'  f ino-ttralnod  jkiI  In.  Kaol.oj'n  that,  infl.ut'noo  tho 
laailllonl  iiUHlulnn  an-  motdiod  of  oompaol. Ion,  initial  ooiui'-aoti v'li  nii>Jntnro, 
and  otronn  lilntory. 

Moninmitli  r>t  al.  (M|\).  'I'lit'no  ror.c'arriu'rn  llntrd  t.l>c>  foilowiiif? 
faotorn  an  i i\f  1 \ioiu' I iik  tdn'  rc'nillont  moiiui  i of  noiin: 

a.  Kinf-Kra lin'd  noiin — nt.ronn  Intonnlty,  niuiibri'  of  ntri'nn  ap- 
p 1 i cal.  loan , nur  at.  initial  loading  ( tli  Ixotropy  ) , oompaot.  l.'ii 
nn'l  liod,  oompaot  ion  donnlty,  wat.t'r  oontont. , luid  nvibnt'nui'nl 
I'lianKt'n  in  t.lu'iu'. 

h..  llntroal.c'd  tj.'anniar  inatc>rlaln — oonflnliit?  pronnurr,  nt.ronn 

Ic'Vi'l  , dnrat.lon  of  nt.ronn  appiloatlon,  rato  vM'  appl  loatliMi, 
rat.t'  of  doformat.  ion , typo  ami  Ki'H'ini' 'on  of  aKhtronat  o,  void 
rat  io,  and  doKi'oo  of  nat.uratlon. 

Tho  Inf'lnonoo  iif  ntronn  Intonnit.y  in  tho  mont.  Important  faotor 

Ov'nn  idc'fi'vl. 

Ixi'l'in'l.t  aiul  Thtxmpnon'^^  ''"''o  fliullnKn  x'f  Kvxbnc'tt  and  'i’homp- 

non  I'O  I nfi'i'oo  tlio  oplnix'ii  vxf  Moninmit.li  an  t.v'  t.lio  Import.anoo  of  ntronn 
Intonnit.y  in  ronlll«'nt  nuHlnlnn  t.c'nt.iiiK..  Thoy  nt.ati'  that  it.  In  appuront. 


thsvt,  mv.v  (vdo>;milo  ohfiriiolorlidtloii  of  tuibgriulo  s'ol.l  uipport  mmst  reo- 
ogtilv.e  the  lUrean  dei'enheiU  imt.nre  of  tlie  roitilieiit  mohvi.lun,  . 'Hu 

fvlHo  recognised  the  Imv'orttuit  lufhieiice  of  compiictloi\  mointvu’e  content 
nnvl  deiuiity  on  the  renlllent  propert.l<'ii  of  noli. 

Kigure  iO  lu’enentn  t h<’  Lond^tlme  relntlonnlilp  of  the  reullient 

movlnlun  tenting  equtiMnent.  nned  , _ , .. 

by  hobnett  and  'I'hompnon . 

Klgvire  dl  nlK'wn  I'enllient  Jl' 

'■  I'HI  WilKI  OK'I 

movUiVun  in  relatlonnhlp  to  degrm'  ^ 

> * 

of  naturatlon  for  eight  diffei'ont  o 

111  A'  . I . . . 

sol  la.  i'he  plot.  Indicates  that 

the  resilient  moduli  vlecreases  \ 

with  an  Increasing  degree  of  i / \ 

saturation.  4 / \ , 

»!'  \ i 

Figures  and  io  show  the  % / \ 

influence  of  compaction  moisture  ul  / \ 

11  r.  / I \ ( > 

content  on  resilient  iikhIiiIus.  " / \ 

Figure  J.'  Is  a graph  of  \. 

versus  applied  deviator  stress,  *'  ’ 


wltl\  o. 


0 , for  three  soli 


types.  For  each  soil  type, 
relat.lonshlps  are  shown  for  wat.er 
contents  of  opt.iiiuun  and  optimum 


I'm  ssiiai  I'ui  SI  oiiuM  iv'N,  Msn 

Flguri'  to.  'l’;iplcai  specimen 
Kvul-t  Ime  relation  developi'd 
by  the  resilient  testing 
eiprUvuent  lafter  Kobnelt  luul 
'rtuvnpiton  lb ) 


plus  percent.  At  an  applli'd 

deviator  stress  of  ''  psl  iFlgure  d.'K  decreasing  the  moisture  content-  by 
pi'fcent  Increasevl  F^_  by  .'1'  t.o  o t percent  f,’r  the  three  soils.  The 
effect  of  moisture  content  Is  fairly  constant  with  applied  deviator 
st.ress.  Flguri'  dj,  which  is  a graph  oi'  versus  compaction  molr-ture 

content  relat.lve  to  optimum,  shows  (he  effects  of  moisture  content  on 
si’ven  soli  types  In  addltU'n  ti'  those  shv'wn  in  Figure  t.'.  The  I"',,'*' 
all  10  soli  types  decrease,  sivue  more  drastically  than  others,  with  In- 
creasing moisture  content. 

Figure  d't  shows  the  InfUience  of  density  oi\  the  curves  of 
resilient  movlull  versus  applied  dovlator  stress  (axial  st.ress  since 
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n-js;  and  conpacted  to  95  percent  of  s' 
density  (after  Robnett  and  Tnonpson-^' 


RESILIENT  MODULUS  E,,  10'  PSI 
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i 


'*1  ^ FLRNAGAN  j I 0 :>  was  zero)  for  two  soils.  It  is 

OPTIMUM  MOISTURE  ♦ 1.7%  ^ 

9S%  AASHO  T.»9  DENSITY  apparent  that  densities  of  100  per- 

'*  • 100%  AASHO  T-99  DENSITY  ^ . . , . , . 

cent  of  optimum  correspond  to  higher 

WISCONSIN  LOAM  TILL 

OPTIMUM  MOISTURE  ♦ 2.s%  values  of  E than  do  densities  of 

14  r 

9S%  AASHO  T-99  DENSITY  ^ ■ 

100%  AASHO  T-99  DENSITY  9?  percent  ol  optimum. 

12  NOTE:  = 0 j j | FiguTC  35  presents  the  rela- 

y 1 ' tionship  of  resilient  modulus 

; and  axial  stress  (o^  = O)  for 

^ \ I 10  soils,  all  compacted  at  a moisture 

\ I ' content  of  2 percent  above  optimum. 

6 ^ \ I cui'ves  are  generally  of  the 

j same  shape,  but  the  influence  of 

* ' soil  type  per  se  on  E^  values  at 

^ J>2iy  given  value  of  stress  is 

2 j I . 1 -- 

j j apparent . 

0 . 1 ! ^ Figure  36  shows  the  influence 

0 S 10  IS  20  2S  30 

APPLIED  DEVIATOR  STRESS,  Psi  of  compactiou  method  on  resilient 

r, . t),  u --i-  4-  J T modulus  versus  applied  deviator 

Pigure  34.  Resilient  modulus 

versus  applied  deviator  stress  stress  (o,  = O)  for  two  soils: 

for  two  soils  (after  Robnett  4.^  -n  4.  nc  4.  ^ -4.  j 

and  Tliompson36)  Fayette  B at  95  percent  density  and 

optimum  plus  2.5  percent  moisture 

content,  and  Wisconsin  loam  till  at  100  percent  density  and  optimum 
plus  an  average  for  the  two  field  samples  of  2.7  pei*cent  moisture  con- 
tent. For  each  soil,  the  E^  for  static  compaction  was  significantly 
higher  than  the  E^  for  kneading  compaction. 

MRD*^  (Mp)*  Table  9 shows  resilient  modulus  tests  results  on 
two  types  of  soil,  fill  and  bay  mud,  for  the  purpose  of  analyzing  condi- 
tions at  Oum  Francisco  International  Airport.  For  each  test,  the  three 
different  values  of  deviutor  stress  used  were  1,  3,  and  5 psi.  The 
modulus  decreased  witli  an  increase  in  the  deviator  stress;  therefore, 
the  effective  modulus  of  resiliency  is  dependent  on  the  state  of  stress 
of  the  subgrade  dui'ing  the  passage  of  various  aircraft.  Figure  37  shows 
the  dependency  of  Mj^  on  repeated  deviator  stress  for  foui'  samples  from 
Table  9. 


APPLIED  DEVIATOR  STRESS,  PSI 

P'igure  3^4.  Resilient  modulus 
versus  applied  deviator  stress 
for  two  soils  (after  Robnett 
and  Tliompson36) 
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Table  9 

Summary  of  Resilient  Modulus  Test  Results  (After 


21 

Materials  Research  and  Development 


Sample  No. 


Resilient  Modulus 

Deviator  Stress,  psj 

1 3 


lL-2-2 


2,T80 


lR-1-1 

T,860 

7,080 

6,380 

lOL-1-1 

U,T80 

3,920 

3,790 

lOR-1-1 

6,1*00 

5,070 

1*,580 

IOR-6-1 

3,210 

2,110 

1,900 

F-1-1 

3,300 

2,610 

ro 

ON 

0 

Boy  Mud 

lL-1-3 

1,31+0 

81*0 

710 

lL-2-3 

810 

670 

650 

lL-3-3 

970 

690 

625 

IL-6-2 

1,280 

870 

785 

lR-1-3 

1,675 

1,1*00 

1,150 

lOL-1-2 

2,065 

1, 1*1*0 

1,170 

lOR-1-2 

2,680 

1,61*0 

1,230 

S-1-2 

2,0l*0 

1,330 

960 

S-2-3 

1,170 

700 

635 

Cook  and  Ki-ukar^^  (Mj;). 
Figiu'e  38  presents  two  plots  show- 
ing the  results  of  repeated  load 
triaxial  compression  tests  on 
6-in,-diani  by  12-in. -high  speci- 
mens, wliic)i  were  used  in  Cook  and 
Ku'ukar's  analysis  of  subgrade 
soil  (Talouse  silt)  under  test 
tracks  at  WSU.  These  plots 
illustrate  relationships  of 
resilient  modulus  to  deviator 
stress  and  are  both  for  the  same 
soil,  at  the  same  four  moisture 
contents  and  densities  on  each. 

The  difference  between  them  is 
tfiat  the  stress  ratios,  » 

were  1.5  and  3.0  for  Figiu'es  38a 
and  38b,  respectively'.  The 
shapes  of  the  curves  (A,  B,  C, 
and  D)  ai*e  nearly  the  stune  from 
one  to  the  other;  liowever,  in- 
creasing the  stress  ratio  from  1.5  to  3.0  decreased  for  all  foiu" 

soil  conditions.  'Die  changes  in  with  deviator  stress  are  not  con- 
sistent. decreases  with  increases  in  deviator  stress  for  curves  A 

and  C and  increases  with  increases  in  deviator  stress  for  curves  B tmd  D. 

37 

Foster  and  Heukelom  (E).  Table  10  presents  modulus  values 

detemined  for  six  soils  by  Foster  and  heukelom  using  wave  velocity 

tests.  Tlie  E values  range  from  a low  of  80  kg/cm^  to  a high  of 
o 

9000  kg/cm*";  peats  and  clays  have  considerably  lower  values  tluui  do  tlie 
more  granular  soils. 

20 

Yoder^  (v).  Yoder  indicated  that  Foisson's  ratio  for  a soil  is 
a "tenuous  value  which  has  not  been  determined  experimentally  with  any 
degree  of  exactitude." 
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Figure  37*  Typical  examples  of 
the  stress  sensitivity  of  the 
resilient  modulus  of  soils 
(after  Materials  Reseai’ch  and 
Developmental ) 


L 


EPEATeo  load 

OMPRESS  ON  TEST 


Resilient  modulus  deviator  stress  relationship  for  Palouse  silt 
for  stress  ratios  (a^/a,)  of  I.5  and  3.0 


Table  10 

Wave  Velocities  and  Sab^rade  Modulus  Values  Observed  on  Various 
Soils  (After  Foster  and  Heukelom^^ ) 


Wave 

Velocity 
m/ sec 

Subgrade 

Modulus , E 

T^po  of  Soil 

2 

kg/cm^" 

psi 

Feat 

50-110 

80-330 

l,130-lt,670 

Clay 

90-150 

It  1*0-1, 200 

6,230-17,000 

Sand 

120-180 

800-1,800 

11,300-25,500 

Sandy  clay 

150-200 

1,200-2,200 

17,000-31,100 

Clay  gravel 

190-320 

2,100-6,000 

29,700-81i,900 

Moraine* 

250-li00 

3,500-9,000 

1*9,500-127,000 

* Glacial  deposit. 


21 

Morgan  and  Soala‘~  (v).  According  to  Morgan  iuid  Scala,  the 
theoretical  upper  limit  of  0.5  for  v is  appropriate  to  assume  for  a 
satui’ated  clay  loaded  under  undrained  conditions.  Sands  should  be 
assigned  a value  fi*om  0.3  to  0.1.  For  first  loadings,  values  from  0.11 
to  0.91  were  determined  for  dense  stuvds  initially  loaded  to  high  stress 
in  a conventional  triaxial  test.  Wliile  looking  for  evidence  that  v 
was  influenced  by  stress  level,  tliey  found  that  little  work  had  been 
done  on  the  subject.  Their  report  indicated  that  Brown  luid  Pell  found 
no  systematic  variation  of  v with  stress  on  a clfiy  subgrade  luui  that 
values  vai'ied  randomly  between  0.;.  and  0.6.* 

Beurkan^^  ( v ) . Working  with  Katsenelenbogen,  Btu'kan  studied  the 
effects  of  the  meistui'e  content  of  clay  luid  an  admixture  of  claj’  on 

V in  compression  and  in  a consolidometer . Their  study  revealed  that 

V does  not  depend  on  moistui’e  content  but  that  increasing  sand  content 
has  the  effect  of  decreasing  v . They  also  found  the  average  val\ie  for 
pure  clay  to  be  O.5O  and  I'or  clay  with  30  percent  sand  to  be  0.l2.  'lliey 
further  generalized  that  v is  smaller  for  sands  tlian  for  clays  mid 


» ibid.  p.  50. 


suggested  that  v for  clays  lies  close  to  0.5  and  for  sands  from 
0.30  to  0.35- 

Barkan  calculated  values  of  v of  0.3  for  sands  and  from  0.i*l 
to  0.^3  for  clays.  He  reported  that  G.  I.  Polrovsky  computed  v from 
0.38  to  0.40  for  artificially  prepared  clay  and  that  Ramspeck  determined 
values  of  v on  the  basis  of  wave  velocity  measurements  and  found 
values  of  0.5  for  moist  clay,  O.^iU  for  loess,  and  from  0.31  to  O.UT  for 
sandy  soils.  Barkan  also  stated  that  N.  A.  Tsytovich  recommends  values 
from  0.15  to  0.25  for  sandy  soils,  0.30  to  0.35  for  clay  with  some  sand 
and  silt,  and  0.35  to  O.HO  for  clays. 

32 

Bowles^  (v).  Bowles  suggested  the  values  of  v in  Table  11. 

Table  11 

Typical  Range  of  Values  for  Poisson's  Ratio, 

V (After  Bowles"^*^) 


Type  of  Soil 

V 

Clay,  saturated 

O.I4-O.5 

Clay,  unsaturated 

0.1-0. 3 

Sandy  clay 

0.2-0. 3 

Silt 

0.3-0.35 

Sand  (dense) 

0. 2-0.1+ 

Coarse  (void  ratio  = O.U-O.7) 

0.15 

Fine-grained  (void  ratio  = O.l^-O.T) 

0.25 

Rock 

o.i-o.i+»f 

* Depends  somewhat  on  type  of  rock. 

These  vary  from  0.1  for  rock  and  unsaturated  clay  to  0.5  for  saturated 
clay. 

28 

Liysmer  et  al.  (G).  The  sheai'  modulus  of  a soil  can  be  computed 
from  the  results  of  Rayleigh  wave  velocity  measurements  using  the  follow- 
ing equation: 


62 


where 


■>  » Ku.v  Leigh  wave  velocity 
n “ faetoj’  depending  upon  Foisaon'a 
d = sLiear  laodulna 


ratio  V 


0 = masa  denaity 

P and  V mnat  Lh'  determined  by  conventional  metuia. 


h^'amer  et  al.  reported  that  Hm-din  juui  brnevich  atudied  the 
t'actora  affecting  the  ahear  moduli  of  aoila  iuid  concluded  that  the  aioat 
aignificjuit  were  atrain  amplitude,  effective  mean  principal  atreaa,  void 
ratio,  number  of  cycLea  of  loading,  ;uid  degree  of  aaturation  of  coheaive 
aoila.  Of  leaa  impvM'ttuice  were  octahoviral  ahear  atreaa,  overconaol ida- 
tion  ratio,  effective  atreaa  atrength  partuiietera , and  time  effecta. 


l.ya,mer  et  al.  alao  made  the  following  coimaenta  on  the  factora  that  in- 
fluence the  shear  moduli  of  aoila; 


L’he  interrelationship  of  the  parameters  is  very  c^nplex 
and  presents  a difficult  problem  if  definitive  ;uKi 
ciiraprehenai ve  express  ions  are  sought  to  describe  the 
behavior  of  aoila  subjected  to  ^lytuuuic  loading.  Uibora- 
tory  progrtuua  have  been  coiulucted  using  forced  tuul  free 
longitudinal,  torsional,  shear  and  triaxial  compression 
vibratory'  testing.  Ail  investigations  have  shown  that 
the  modalus  values  and  d;u;iping  factora  for  soils  are 
strongly  influenced  by  the  strain  tuuplitude.  Wiile 
ma;i.v  of  the  other  factora,  especially  confining  pres- 
sure and  void  ratio,  are  of  great  import :uice  in  lab- 
oratory studies,  in  situ  vibratory  testing  in  the 
field  has  the  advtuitage  that  the  need  to  accovmt  for 
the  influence  of  a majority  of  these  partuiietera  is 
eliminated.  llie  effects  of  Siuiiple  disturbance  iU'o 
also  eliminated.  This  fact  is  of  major  importtuice 
when  saturated  clsiys  are  involved. 

Hardin  Hardin  revealed  that  the  shear  modtilua  of  soils 

nuiy  vary  between  the  extreme  limits  of  values  commonly  less  than 
1,000  psi  to  values  greater  t lum  “'0,000  psi.  The  relationship  between 


ahear  modulus  and  strain  level  is  extremely  variable  but  c.-ui  be  simpli- 
fied by  normal  ir.jit  ion  as  outlined  in  Keference  11'.  'Hk'  normalised 


values  are,  hv'wever,  still  variable  because  a given  strain  does  not  have 
the  s!Uiie  effect  on  all  soils  or  on  the  same  soil  tuuier  different  states 


t'.' 


1 


9 


of  stress.  Also,  the  normalized  relationship  is  affected  by  percent 
saturation,  number  of  cycles,  and  rate  of  loading.  Table  12  gives 
values  of  maximum  shear  moduli  for  19  different  soils.  Tlie  largest 
value  is  lU  times  the  smallest  value  listed  in  the  table. 

RELATIONSHIPS  OF  ELASTIC  CONSTANTS 
TO  OTHER  PARAMETERS  IN  SOILS 

Since  laboratory  and  field  procedirres  for  directly  determining 
elastic  constants  are  relatively  complicated  and  expensive,  it  is 
desirable  to  express  the  constants  in  terms  of  more  conveniently  mea- 
sured material  properties  or  in  terms  of  results  of  more  readily  per- 
formed tests.  Many  researchers  have  attempted  to  do  this,  and  the  work 
of  several  of  them  (not  ali'eady  covered  in  the  section  of  the  report 
called  "Values  and  Variations  of  Elastic  Constants")  is  outlined  (but 
not  necessarily  completely  described)  in  the  following  paragraphs.  No 
significant  relationships  of  this  type  were  foiuid  for  wearing  surfaces 
or  treated  base  materials;  accordingly,  the  following  discussioii  per- 
tains solely  to  untreated  base  materials  and  subgrade  materials,  i.e. 
soils.  The  elastic  constant(s)  discussed  in  a paragraph  is  (are)  shown 
in  parentheses  at  the  end  of  the  paragraph  heading.  Quantitative  data 
and  symbols  are  given  in  the  same  terms  as  used  by  the  referenced 
authors. 

EQUATIONS  RELATING  MODULUS 

AND  STATE  OF  STRESS 

Hicks^^  and  Dunlap^^  (Mp).  Two  expressions  from  Hicks  and  one 
from  Dunlap  that  relate  resilient  modulus  to  the  state  of  stress  exist- 
ing in  a material  are: 

a.  ^ " ^1^3  (Hicks). 

b.  Mp  = K^0  (Hicks). 

c.  M = K"  + 2K'>  (Dunlap). 

— d 3 r 

Table  13  lists  the  values  of  , K,,  , , K),  , , and  . 

The  three  factors,  ® » represent  confining  stress. 


Table  12 

Values  of  Maximum  Shear  Modvilus  (After  Hardin' 


Soil  Identification 

Percent 

Satui'ation 

G max* 
psi 

WES  sand 

Dry 

18,830 

St.  John's  sand 

100 

12,580 

Air  Force  silty  sand 

33 

8,050 

Air  Force  silty  clay 

91 

5,200 

Vicksburg  loess 

73 

12,130 

Vanceburg 

91 

ll*,290 

Allen 

UI4 

11,000 

Kentucky  55 

100 

6,020 

Longhorn 

70 

18,360 

West  Virginia  shale 

69 

11,71+0 

Virginia  clay 

9h 

11,290 

Dover 

86 

16,8.-' 0 

Prestonsburg  sand 

U7 

11,220 

Kirtland  No.  10-36 

ho 

12,8140 

Louisiana  clay 

100 

1,350 

San  Francisco  clay 

100 

1,800 

Ellsworth 

66 

10,030 

Cheeks 

98 

9,790 

Nevada  clay 

99 

14,91+0 

* G max  = maximum  shear  modulus 
modulus  for  strain  amplitude 

= the  initial  tangent  modulus 
0.00001. 

or  secant 

Table  13 
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r 
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Mtiterlal  Constant  Values  Proposed  for  Vai-lous  Granular 
Materials  (After  Itioks^^  aiid  Duiilap 


Descriptiog  of  Material 


Constants 


Expression; 


Ko 


h 

Dry,  ptu’tially  ci’ushed  gravel 

lO.OQli 

0.580 

Dry,  crushed  gravel 

13,126 

0.550 

Partially  saturated,  partially 

crushed  gravel 

7,650 

0.591 

Partially  saturated,  crushed  gi'avel 

3,613 

0.569 

Saturated,  partially  crushed  gravel 

9,691i 

0.528 

San  Diego  base 

12,225 

0.  5A0 

Gonzales  Byitass  base 

15,000 

0.l»80 

Gonzales  Bypass  subbase 

10,000 

O.itOO 

Morro  Bay  base 

11,800 

0.390 

Morro  Bay  subbase 

6,310 

0.1(30 

KA 

Expression: 

= K|0  *■ 

K 

San  Diego  base 

3,933 

0.61 

Dry,  crushed  gravel 

2,156 

0.71 

Partially  saturated,  cruslied  gravel 

2,033 

0.67 

Morro  Bay  subbase 

2,900 

0.1(7 

Morro  lUvy  base 

3,030 

0.53 

Expression : 

M = ] 

v"  + 2K"o 

2 3 r 

Crushed  limestone 

)t,a56 

390 

Crushed  limestone  after  30,000 

repetitions 

37,710 

1082 

j 


5 


I 

i 


1 j 


s 

I 


bulk  stress  that  equals 


aud  radial  stress  in  a triaxial 


test,  respectively. 


2h 


Morgan  and  Scala  (E 


Mr  , and  Et ) . Morgfui  and  Scala  re- 


ported the  following  equations  attributable  to  Brown  and  Pell,  Seed 
et  al.,  and  Holden: 


a.  Ec  = 20UOJ 


0.51 


(Brown  and  Pell)  where  Es  = calculated 


b. 


^3  “ 

value  of  in  situ  secant  modulus  and  = first  stress 
invai'iant  = + 02  . 

Mr  = 1900J2'^^  (Seed  et  ul. ) w}iere  = secaiit  modulus  of 
resiliency  at  a constant  confining  pressure  determined  from  a 


triaxial  test  and 


Jl  = Oi  + 02  + 


E^  = a + boQ^,^  - (Holden)  where  E^  = tangent  modulus 


of  resiliency,  u 


and 


constants , 


l/3(Oy  + 2e^,)  from  a triaxial  test,  and 


'>oot  ■ 


=^2/3(c^  - OjJ  . Subcripts  v 
radial,  respectively. 


and  r refer  to  vertical  iuid 


3I* 


Nielsen^  (M).  'llie  USN  Civil  Engineering  Laboratory  (USHCEL) 


acknowledged  Dunlap's  equation  relating  resilient  modulus  to  the  state 
of  stress  in  a material  as  useful  to  exjilain  the  response  of  granular 
soils  to  repeated  loadings.  USNCEL  also  pointed  out  that  Dunlap's 
modulus  is  the  slope  of  the  initial  portion  of  the  stress-strain  oiu've 
in  a triaxial  test  and  is  defined  as  follows: 


M = k_  + 2k-ci 
2 3 r 


where 


M = modulus  of  deformation  measured  in  the  direction  of  the 
applied  stress, 


modulus  of  deformation  when  = 0 


k , ■ constant  of  proportionality  expressing  the  influence  of  o ^ 
^ on  M *' 


o * radial  (lateral)  stress  in  triaxial  test 
r 


F’igure  39  illustrates  the  equation.  For  a single,  slowly  applied  normaJ 
stress  that  continually  increased  until  the  siunple  fails,  molding  mois- 
ture and  unit  weight  have  significmit  influence  on  tlie  deformation  con- 


stiuits,  k^  and  k^  . Under  repetitive  stresses,  these  constants  are 
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1 

J 


Figui'e  39.  Reiiitionship  between 
modulus  of  deforraution  tuid  luterul 
prer.s\U'e  proposed  for  «ranular 
materia]  (after  Duniap^O) 


influenced  by  the  luuuber  of  load  repetitions  applied  to  tlie  specimen. 

Glynn  and  Kirwan'^'^  (Fr)*  Glyiui  and  Kirwan  offer  the  general 
expression,  suggested  by  earlier  work  of  Ihu’kan: 


E = E (l  + uo) 
r o 


where 

E = resilient  modulus  in  a confined  state 
r 

E *•  initial  modulus  in  an  unconfined  state 
o 

a = constant  for  miy  one  soil 
o = stress  component 
1*  1 

Wang  et  al.  For  resilient  modulus  of  a hlglily  plastic 
Wang  et  al.  used 


i 

i 

I 

] 

I 

i 

soi.l  , 


“ *^1  ^ ~ ‘’d  '' 

\ “ '^1  ^^l  " ^ *^2 


where 


and  *=  material  constiuits 

0.  *=  deviator  stress 
d 

Kl'SilblEN’r  MOlUlbUG  OF  C1J\Y  IN  THiMF' 

OF  PLAGTICITY  lNDI-3(  (Fl),  DENlUTY, 

AND  MOlsniHE  CONTENT 

Glynn  and  Kirwan^"^  have  developed  a relationship  between 


$ 


resilient  modulus,  PI,  moisture  content,  and  density  (Figure  <40) . 
term  r^  is  the  ratio  of  the  actual  moisture  content  to  the  optimum 


Figui'e  ^0. 


Dynaittic  stress  response  of  clays 


(after  Glynn  and  KirwanlS) 


moisture  content,  and  r is  the  ratio  of  dry  density  to  the  maximum 

dry  density  of  the  modified  AASHO  test.  Glynn  and  Kirwan  did  not  offer  I ' 

an  example  showing  how  to  use  Figvire  I4O.  Apparently,  the  rectangle  on 


which  scales  for  r and  r 
Y w 


are  presented  must  be  moved  along  the  axis 


on  which  r is  shown  until  the  value  of  1.0  for  r lines  up  with  the 
Y Y 

measured  PI.  The  lines  designated  by  long  and  short  dashes  in  Figui'e  I4O 


are  for  a clay  with  a PI  of  19,  r of  1.15»  and  r of  0.9>  For 

w Y 

these  parameters,  the  modulus  of  resilience  is  approximately  iipOO  psi  for 
a deviator  stress  of  T psi;  liBOO  psi  for  a deviator  stress  of  10.5  psi; 
and  1*700  psi  for  a deviator  stress  of  lU  psi.  Figure  ItO  is  limited  to 
deviator  stresses  between  7 and  II4  psi,  densities  from  80  to  100  percent 


of  modified  AASHO,  moisture  contents  from  100  to  120  percent  of  opitimum, 
Euid  Pi's  from  5 to  25.  However,  it  is  comprehensive  in  that  a method  is 
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suggested  whereby  resilient  moduli  can  be  established  from  fairly  simple 
soils  testing.  It  also  considers  moisture  content,  density,  and  stress, 
which  ai*e  three  major  influences  on  resilient  moduli.  The  authors  offer 
the  following  comment  concerning  the  relationships  shown  in  the  figure; 
"Undoubtedly,  the  scheme  is  one  of  over  simplification,  but  nevertheless, 
it  is  a step  towai'd  assembling  the  rather  incoherent  assortment  of  test 
data  into  a meaningful  classification. " 


RELATIONSHIP  BETWEEN  DYNAMIC  ELASTIC 
MODUrUS  AND  CBR 

Dormtui  and  Klomp^^  (E).  These  researchers  related  , the 
elastic  modulus  of  soils  and  unbound  granular  materials  in  the  third 
layer  of  a pavement,  to  the  CBR  of  the  material  (Figui-e  Ijl).  The  authors 

state  that  an  average  value  of 
E equal  to  1500  CBR  has  been 
adopted  for  design  pui'poses 
when  no  other  data  are  avail- 
able. The  E values  in  Fig- 
ure 111  were  calculated  from 
wave  propagation  or  stiffness 
measurements. 

Robnett  and  Thompson^ 

(Ep ) . These  authors  developed 
a graph,  Figui'e  of  soaked 
CBR  versus  resilient  modulus, 

E , determined  at  a stress 


Figure  Ul.  Relation  between  dynamic 
modulus  and  CBR  (after  Dorman  and 
Klompl^ ) 


level  equivalent  to  the  cal- 
culated vertical  compressive 
stress  under  a pavement.  'ITiey  concluded  from  this  study  that  no  rela- 
tionship existed  between  E^  and  CBR  and  observed  that  soils  of  similar 
CBR  can  exhibit  substantially  different  resiliencies. 


RELATIONSHIP  BETWEEN  MODULUS  OF 
ELASTICITY  AND  PLATE  BEAIUNG  VALUE 

12 

The  Asphalt  Institute  developed  an  approximate  relationship 
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Figure  ^*2.  Resilient  modulus  versus  soaked  CBR 
(after  Robnett  and  Thompson^^) 


between  subgrade  modulus  of  elasticity  and  beeu’ing  VEilue  (Figure  h3) . 

Tlie  plate  bearing  test  uses  a 30-in.-diam  beai’ing  plate,  0.5-in.  deflec- 
tion, and  10  repetitions  of  load.  The  equation  of  the  line  in  Figui'e  1*3 
is  E^(psi)  = 1»80  (bearing  value)  - 5000  . 

EQUATION  FOR  SHEAR  MODULUS 
OF  SOILS 


Hardin's  equation  for  the  sheai'  modulus  of  gravels  }ias  been  pre- 
sented earlier  in  the  report.  His  summai'y  equation  for  the  shear  raodu- 
1 A 

lus  of  soils'^  (excluding  gravels  and  gravelly  soils)  is 


_G 

G 

max 


1 


1 + Y 


h 


with 
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Bt  ARING  VALv>f  . pti 


P’igure  I43.  Approximate  relationship 
between  plate  bearing  value  and  modu- 
lus of  elasticity.  Eg  (after  tlie 
Asphalt  lnstitutel2) 


where  Yh  « hyperbolic  strain 

Cl  = secajit  sheai'  modulus  for  a given  strain  amplitude  and 
cycle 

G = maximum  shear  modulus,  initial  tangent  modulus,  or  secant 
modulus  for  strain  suupiitude  ^ O.OOGOl 

> = sheai'  strain 

Y _ = reference  strain  = , defined  by  the  intersection 

^ of  the  initial  tangent  line  and  strength  asjnuptote  in  Klg- 
ure  and  empirically  related  to  G^jj^ 

e = base  of  natural  logarittmis 
xp 

a = defined  by  one  of  the  following  ei\uations,  depending  on 
the  type  of  soil 
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j Figvire  Schematic  single 

shear-stress  strain  relation 
(after  HardinlS) 


for  clean  dry  sand 

for  nonplastic  soils  with  fines 
and  low-plasticity  soils 


for  high-plasticity  soils  with 
liquid  limit  > 50 

where 

N = number  of  cycles  of  loading 

T = time  in  minutes  to  reach  a normadized  strain  equal  to  one 
S = percent  saturation 

For  pavement  evaluation,  Hardin  suggested  that  the  type  of  soil  (includ- 
ing PI  and  pajrticle  size)  and  S would  have  to  be  estimated  from  avail- 
able knowledge  of  the  subgrade  or  from  a core  sample;  would  be 

measured  by  nondestructive  vibratory  testing;  N would  come  from 
traffic  records;  y would  be  determined  by  the  finite-element  analysis; 
euid  T would  depend  on  the  speed  of  the  aircraft.  (The  complete  proce- 
dure for  determining  G also  requires  the  measurement  or  estimation  of 
the  void  ratio,  e , and  involves  several  intermediate  steps  not  shown 
in  this  report.) 


SHEAR 

STRESS 
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SENSITIVITY  OF  PAVIMENT  RESPONSES  TO  CHANGES 
IN  ELASTIC  CONSTANTS  AND  THICKNESS 


A quantitative  representation  is  provided  in  the  following  para- 
graphs showing  the  changes  that  occur  in  values  of  pavement  responses 
(stress  and  strain)  when  values  of  elastic  constants  are  changed  in 
rigid  and  flexible  pavements.  The  studies  of  two  researchers,  Packard 
and  Pichumani,  are  discussed. 

RIGID  PAVEMENTS  (PACKARD*^) 

Packard  examined  the  changes  in  stress  that  occur  with  changes  in 
E and  v . For  thickness  design  problems  in  PCC,  Packard  recommended 
using  E = U X 10  psi  and  v = 0.15  . He  gave  the  following  appr.ixi- 
mate  effects  of  variations  in  E and  v from  the  recommended  values. 

CHANGE  IN  E (v  = 0.15) 

A reduction  in  E from  U, 000, 000  to  3,000,000  psi  decreases  the 
stress  5 percent.  An  increase  in  E from  U, 000, 000  to  5,000,000  psi 
increases  stress  4 percent. 

CHANGE  IN  V (E  = X 10^  psi) 

An  increase  in  v from  0.15  to  0.20  and  from  0.15  to  0.25  in- 
creases stress  U and  8 percent,  respectively. 

RIGID  PAVEMENTS  (PICHUMANI^) 

Pichumani  made  a parametric  study  of  both  rigid  and  flexible  pave- 
ment systems,  using  tlie  Airfield  Pavement  (AFPAV)  Code  to  show  the 
effect  of  input  material  properties  on  theoretical  predictions  of  pave- 
ment response.  The  AFPAV  Code  is  an  analytical  model  based  on  the  fi- 
nite element  structural  analysis  technique  and  was  developed  for  the  Air 
Force  Weapons  Laboratory  (AFWL)  by  J.  E.  Crawford.  Tlie  following  dis- 
cussion is  an  excerption  from  Pichumani 's  report. 

BASE  CONDITIONS  OF  STUDY 

Load.  The  load  used  was  the  static  load  of  a C-5A  aircraft,  i.e., 
30  kips  on  each  wheel  of  a 12-wheel  assembly. 
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Parameters  Varied.  Table  14  presents  the  rigid  pavement  param- 
eter variations  studied. 

VARIATION  IN  E OF  SURFACE  COURSE 

Unchanged  Parameters  (Table  1^).  In  the  surface  course,  thick- 
ness, h , was  10  in.  and  v was  0.20;  in  the  subgrade,  E was 
6000  psi  and  v was  O.U5.  The  sui'face  course  rested  directly  on  the 
subgrade. 

j Results  (Table  13).  A decrease  in  surface  course  E from 

6,600,000  to  3,000,000  psi  resulted  in  an  increase  in  surface  deflection 
from  0.098  to  0.116  in.  (18  percent). 

VARIATION  IN  h OF  SURFACE  COURSE 

Unchanged  Parameters  (Table  15).  In  the  surface  course,  E was 
6,600,000  psi  and  v was  0.20;  in  the  subgrade,  E was  6,000  psi  and 
V was  O.U5.  The  sui'face  course  rested  directly  on  the  subgrade. 

Results  (Table  13).  Wlien  surface  coui'se  h was  increased  from 
10  to  l4  in. , the  corresponding  change  in  surface  deflection  was  from 
0.098  to  0.081  in.  (a  decrease  of  IT  percent). 

I 

1 VARIATION  IN  E OF  SUBGRADE 

[ 

I Unchanged  Parameters  (Table  I6).  The  surface  course  rested 

I directly  on  the  subgrade.  The  surface  course  E was  6,600,000  psi  with 

I V of  0.20  ajid  h of  10  in.;  the  subgrade  v was  0.45. 

I Results  (Table  16).  A cliange  in  subgrade  E from  60OO  to 

3000  psi  increased  surface  deflection  from  O.O98  to  O.I66  in.,  a 69  per- 
I cent  increase;  a further  decrease  of  E to  1000  psi  caused  the  defleo- 

i tion  to  increase  to  O.387  in.,  a 295  percent  increase  over  the  deflec- 

I ^ tion  of  0.098  when  E was  6OOO  psi. 

I 

r 

I EFFECT  OF  BASE  COURSE 

I 

In  this  pemutation,  a base  coui’se  was  inserted  between  the  sur- 
face course  and  the  subgrade. 

Unchanged  Parameters  (Table  IT).  The  constant  parameters  were 
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Table  17 

Effect  of  Base  Course  on  Rigid  Pavement  Response 
(After  Pichvunanl^) 


Parameters 

Maximum  Elastic 
Surface  Deflection 

E , psi 

V 

in. 

12 

2lt,000 

0.35 

0.093 

18 

0.35 

0.090 

2lt 

60,000 

0.35 

0.o81t 

Note:  The 

surface  course 

parameters 

were  E modulus 

= 6,600,000  psi,  Poisson's  ratio,  v , = 0.20,  and 
thickness,  h , = 10  in.;  the  subgrade  parameters 
were  E = 6,000  psi  and  v = 0.^5. 

E = 6,600,000  psi,  V = 0.20  , and  h = 10  in.  for  the  surface  course; 
E = 6,000  psi  and  v = O.U5  for  the  subgrade;  and  v = 0.35  for  the 
base  course. 

Results  (Table  IT)*  Variations  were  made  in  E and  h of  the 
base  course.  When  the  subgrade  E was  2U,000  psi  and  its  h was 
12  in.,  the  sxirface  deflection  was  0.093  in.  This  value  is  only 
slightly  lower  than  in  the  comparable  "no  base  course"  case  (O.098  in.). 
When  the  base  course  E was  60,000  psi  and  its  h was  2U  in. , the 
resulting  pavement  response  (0.084  in.)  was  very  close  to  the  0.08!l-in. 
deflection  in  the  no  base  course  case  where  the  E of  the  surface 
course  was  the  same  (6,600,000  psi),  but  its  h was  U in.  thicker, 
i.e.  lit  in.  thick  (compare  bottom  data  line  of  Table  IT  with  bottom 
data  line  of  Table  15) • 

FLEXIBLE  PAVEMENTS  (PICHUMANI^) 

BASE  CONDITIONS  OF  STUDY 

Load.  The  load  was  the  same  as  for  the  rigid  pavement  study, 
i.e.  the  static  load  of  a C-5A. 


Parameters  Varied.  Table  I8  lists  the  values  of  E , v , and 
h in  the  surface  course,  base  course,  subbase,  and  subgrade  assumed  as 


Table  l8 

Assumed  Layer  Propex-ties  of  Flexible  Pavement 


(After  Pichumani 

Layer 

E Modulus 
psi 

Poisson's 
Ratio,  V 

Tliickness 
h , in. 

Surface  course 

150,000 

0.25 

3 

Base  coui’se 

50,000 

0.30 

6 

Subbase 

25,000 

0.35 

2l* 

Subgrade 

5,000 

0.1*5 

00 

reference  values  in  this  study.  Table  19  presents  the  variations  of 
these  values  studied.  Only  the  value  of  one  parameter  in  one  layer  was 
varied  for  each  permutation.  All  other  values  remained  the  same  as 
given  in  Table  l8. 

EFFECT  OF  E IN  EACH  LAYER 

Tables  20  and  21  show  that  the  surface  elastic  deflections  were 
not  changed  significantly  by  variations  in  the  E modulus  of  the  sur- 
face course,  base  course,  and  subbase  within  the  range  of  values  pre- 
sented in  Table  19.  However,  Table  22  indicates  that  variations  in 
Young's  modulus  of  the  subgrade  affected  the  surface  deflection  very 
significantly.  For  example,  a 6?  percent  reduction  in  the  E modulus 
of  the  surface  course  (i.e.  from  1,500,000  to  500,000  psi)  I'esiUted  in 
an  increase  of  only  8 percent  in  sui'face  deflection  (from  0.157  to 
0.170  in.),  while  a 50  percent  reduction  in  the  subgrade  E modulus 
(from  5,000  to  2,500  psi)  increased  the  surface  deflection  by  more  than 
6o  percent  (from  0.183  to  0.299  in.). 

Pichumani  observed  that  even  though  the  E modulus  values  of  the 
base  course  and  subbase  may  not  be  very  significant  for  surface  elastic 
deflections,  they  are  very  important  in  determining  the  state  of  stress 
in  the  upper  layers  of  the  pavement  system.  Tlierefore,  it  is  necessai'y 
to  determine  the  E moduli  of  the  various  layers  as  accurately  as 
possible  since  structural  failure  of  the  pavement  system  can  be  caused 
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Vnbil'  ig 

H'lfxilUo  I'fivomoiit  IVtrtuiiotor  Vtu'ialioiiti  tUudicd 
(Aftei*  IMcliiuiiaiil  ) 


I’.'u'fUiu'Lc'r  Vdi'ioil 

litiyi'i' 

l'.Vinbo:i 
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V !i  1 uo  a o 1' 
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Var  1 ('it 

COltf.'Sf 

K 

pal 
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•'00,000; 

1 SO , 000 
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V 

— 

0..'0; 

0, 

0.30 

t'lirt'Hoo  ooui'iu' 

li 

In. 

t.O; 

. S ; 

t'.O 

Utiiio  oourt'o 

!•: 

pai 

T:’,000; 

so. 000; 

ff.^'OO 

UiiiU'  coufiU' 
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0.  O' 
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ll 

In. 

1' . 0 ; 

9.0; 

' .: . 0 

K 
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— 

0.  tO; 

0.  ;•' ; 
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V 

— 

0.''i0; 

O.iO'; 

ll.llO') 

KxtatinK 

pl'l'I'  1 1 o 

K 

pa  i 

•',000; 

^ 0.000; 

•'00.000 

Nolt':  K ■ modiilua 

of  oifiat lo  1 t.v 

; V • 

I'olaaon'a  ratio 

; ll  » lii.vor 

t,h  U'km'iu! . 


Tiilvlo  20 

Kfreot,  of  rjiriuiieier  Variutiona  in  Surface  Coui'ue 


on  Flexible  Pavemonl  De( lection 


5 

After  riohumajii 


Fartuiictei’fl 

i V h . in. 


1, '^00, 000 

0.05 

500,000 

0.05 

150,000 

0.05 

150,000 

0.00 

150,000 

0.05 

150,000 

0.  30 

150,000 

0.05 

150,000 

0..'5 

150,000 

0.05 

Mjix  imum 
Flan tic 
Surface 
bef  led,  i on 
in. 


Hemarks 


F moduluu  only  varied 


I'oiaaon'a  ratio,  v , only  varied 


i’ll ickncaa , h , only  varied 


I'he  proj'ertier.  of  the  other  l:iycra  are  f-:iven  in  Table  lb 


Table  21 

KtT'ect  of  rai'anieter  Variations  in  Base  Course 


and 

Subbase 

on  Flexible  Pavement  Deflection 

C 

(After  Pichumani  ) 

E . ps 

Fai-iuneters 

1 V h 

, in. 

Mfixinumi 

Elastic 

Surface 

Deflection 

in.  Remarks 

Base  Course 

17,500 

0.30 

6 

0.187  E modulus  only  varied 

50,000 

0.30 

6 

0.183 

75.000 

0.30 

6 

0.178 

50,000 

0.25 

6 

0.183  Poisson's  ratio,  v , only  varied 

50,000 

0.30 

6 

0.183 

50,000 

0.35 

6 

0.182 

50,000 

0.30 

6 

0.183  Thickness,  ii  , only  vai'ied 

50,000 

0.30 

9 

0.174 

50,000 

0.30 

12 

0.167 

Subbase 

12,500 

0. 

2li 

0.207  E modulus  only  varied 

25,000 

0.35 

2 It 

0.183 

37,500 

0.35 

24 

0.171 

25,000 

0.30 

24 

0.182  Ikiisson's  :-atio,  v , only  varied 

25,000 

0.35 

24 

0.183 

25,000 

O.ltO 

24 

0.183 

25,000 

0.35 

15 

0.197  'I’luckness,  li  , only  varied 

25,000 

0.35 

24 

0.183 

25,000 

0.35 

33 

0.168 

Note:  The  properties  of  t}ie  othei'  layers  are  f.'iven  in  Table  iS. 


Table  22 

Effect  of  Parameter  Variations  in  Sub><rade  on  Flexible 
Pavement  Deflection  (After  Plchuniaiii^) 

Maximiun 

Elastic 

Surface 

Partimeters  Deflection 

E . psi  V in. Remarks 


5,000 

0.1*50 

0.183 

E modulus  only  varied 

o 

o 

0.1*50 

0.299 

1,250 

0.1*50 

0.1*93 

5,000 

0.1*00 

0.215 

Poisson's  ratio,  v , only  varied 

5,000 

0.1*50 

0.183 

5,000 

0.1*95 

O.lltl 

Note:  The  properties  of  the  other  layers  are  given  in  Table  l8. 

by  critical  load  stresses  exceeding  the  inherent  strength  of  the  pave- 
ment materials. 

EF’FECT  OF  v IN  EACH  LAYER 

Tables  20  and  21  show  that  sui’face  deflections  were  not  signifi- 
ciuitly  affected  by  v of  the  surface  course,  base  coiu'se,  or  subbase 
for  the  range  of  thicknesses  studied;  however,  Table  22  shows  that  v 
of  the  subgrade  influenced  the  deflections  signi ficmitly . A v of  0.^0 
for  the  subgrade  gave  a maximum  surface  deflection  of  0.215  in.,  wliile  a 
V of  0.1»95  gave  a nuiximum  deflection  of  only  O.ilil  in. 

EFFECT  OF  h IN  UPPER  IJIYERU 

Increasing  the  tliicknosses  of  the  upper  pavement  layers  (i.e., 
tile  surface  course  i Table  20 ),  base  course  (Table  21 ),  and  subbase 
(Tabic  21))  decreased  tlie  surface  deflections.  For  example  in  Table  21, 
wlien  tlie  subbase  tliickness  (originally  pl*  in.)  was  altered  to  15  !Uid 
33  in.,  an  increase  of  3 percent,  (0.133  to  O.IQT  in.)  fuid  a decrease  of 
3 percent  (0.133  to  0.ib3  in.)  in  surface  deflection,  respectively, 
resulted. 
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EFFECT  OF  E OF  EXISTING  GROUND 


In  the  finite  element  idealization  of  the  pavement  system,  the 
total  depth  of  the  pavement  structure  was  assumed  to  he  50  ft,  and  the 
subgrade  was  considered  to  have  a constant  E modulus.  The  total  built- 
up  depth  of  an  existing  WEt5  flexible  pavement  test  section  was  only 
12  ft.  All  other  parameters  of  the  WES  section  were  exactly  the  same  as 
assumed  by  Pichuraani  in  this  exercise.  The  E modulus  of  the  ground 
below  the  built-up  subgrade  was  not  known.  However,  based  on  the  re- 
ported CBR  value  of  2 to  J*,  the  E modulus  of  the  ground  was  assumed 
to  be  the  same  as  that  of  the  subgrade.  To  illustrate  the  importance  of 
knowing  the  E modulus  of  the  existing  ground  below  a depth  of  12  ft, 
a parametric  study  assuming  three  different  moduli  values  (5,000, 

50,000,  and  500,000  psi)  was  conducted.  'Plie  maximum  sui'face  deflection 
of  0.183  in.  with  an  E modulus  of  5,000  psi  was  reduced  by  one  third 
to  0.121  in.  when  the  existing  ground  was  assiuned  to  have  an  E modulus 
of  50,000  psi.  An  E modulus  of  500,000  psi  below  12  ft  further  re- 
duced the  maximum  surface  deflection  to  O.IO8  in.,  a reduction  of  about 
I4O  percent.  Therefore,  it  appears  that  it  is  necessary  to  determine 
the  properties  of  the  pavement  system  to  an  appreciable  depth. 
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I RELATIONSHIPS  BETWEEN  VIBRATORY  TEST 

f RESULTS  AND  ELASTIC  CONSTANTS 


In  the  following  paragraphs,  brief  discussions  are  given  of  the 
principal  mathematical  models  of  pavement  response  to  vibratory  tests, 
vibrator  wave  patterns,  comments  on  relating  vibrator  results  and 
elastic  constants,  extrapolation  of  constants  from  low  to  high  stress 
levels,  and  results  of  preliminary  studies  to  establish  a relationship 
between  the  WES  l6-kip  vibrator  test  results  and  elastic  modulus. 

MATHEMATICAL  MODELS 

In  the  study  of  how  the  elastic  constants  of  E , v , or  G are 
to  be  extracted  from  vibratory  test  results,  it  is  obviously  desirable 
to  know  how  the  soil  or  pavement  is  affected  by  the  vibratory  load.  The 
two  types  of  models  that  describe  the  response  are  the  lumped  mass  model 
and  the  linear  elastic  half-space  model.  The  primary  difference  between 
these  two  models  is  that  the  former  one  assiomes  that  there  is  a finite 
mass  of  soil,  which  acts  as  a spring  for  the  foiuidation  and  vibrates 
together  with  it,  while  the  latter  model  assumes  no  finite  mass  of  soil. 
Several  particular  models  that  fit  into  one  of  these  two  types  are 
described  briefly  in  the  following  paragraphs. 

LINEAR  LUMPED  MASS  MODEL 

( TSCHE30TARI0FF^2 ) 

For  the  lumped  mass  model,  Tschebotarioff  presented  the  equation 


f 

n 


L.  I 

2Tt^W^  + 


where 

f^  = natural  frequency  of  system 

K*  = dynamic  modulus  of  soil  reaction,  or  volume  spring 
coefficient 

A = contact  area  between  base  of  foundation  and  soil 


g = acceleration  of  gravity 

W = weight  of  vibrating  soil 
s 

W^  = weight  of  vibratory  loading  device 


) 
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Figlire  1*5  shows  the  conditions  of  loading,  and  Figure  1*6  illustrates  how 

the  soil  vibrates  together  with  the  vibrator.  Tschebotariof f offers 

that  there  cannot  be  a clearly  defined  limit  for  the  soil  mass  W as 

s 

indicated  by  Figure  U5.  Figure  1+6  shows  that  the  motions  of  the  soil 
are  more  complex  than  the  motion  of  the  vibrator.  He  suggests  that  the 
term  should  be  considered  as  referring  to  an  equivalent  weight  of 

soil  with  no  clearly  defined  physical  boundaries. 

The  pertinent  point  to  be  made  by  the  equation  for  f^  is  that 
the  elastic  constants  of  the  soil  are  assiomed  present  in  the  terms 
and  K'  ; however,  the  process  by  which  they  can  be  extracted  from  this 
simple  model,  which  is  for  a single-mass  system  and  assumes  no  damping, 
is  not  clear.  Then,  of  course,  the  equation  assumes  a homogeneous  soil 
mass.  Working  with  a layered  pavement  system  obviously  renders  the 
system  much  more  complicated. 

LINEAR  LUMPED  MASS  MODEL  (YANG** 3) 

Yang  uses  the  linear  spring-mass-dashpot  model  to  describe  the 
frequency  sweep  measurements  done  with  a vibrator.  He  computes  £Ui 
effective  E value  for  the  entire  pavement  and  subgrade  system  by  cal- 
culating the  area  under  the  measured  frequency  response  curve.  By 
neglecting  damping  and  inertial  terms,  he  arrives  at  the  following 
expression  for  the  E modulus: 


where 

a = radius  of  vibrator  baseplate 
F = force  amplitude 
z(p)  = peak-to-peak  response 

p = ratio  of  frequency  to  natural  frequency 
Yang  applies  the  single  lumped-mass  spring  model,  which  exhibits  only 
one  resonance  peak,  to  the  entire  multipeaked  frequency  response 
spectrum. 
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Figure  1+5.  Sketch  illus- 
trating the  equation 


f = 1/2tt  /K'Ag/W  + W 
n •y  s V 

(after  Tschebotarioff^2) 


Figure  1*6.  Probable  nature  of  the  soil- 
surface  deformation  around  a vibrator 
inducing  vertical  oscillations  (after 

Tscheboteiriof  f ^2 ) 


NONLINEAR  LUMPED  MASS  MODEL  WEISS^ 

In  his  study  of  the  dynamic  stiffness  of  pavements,  Weiss 
developed  a nonlinear  model  that  describes  the  response  of  pavement 
systems  to  vibratory  loading.  Hie  nonlinear  dynamic  load-deflection 
curves  that  are  measiu'ed  using  the  WES  l6-kip  vibrator  are  described  by 
solving  the  equation  of  motion  of  a nonlinear  liamionic  oscillator 

mC  + CC  + k C + + eC^  = F,, 

O D 


where 

m = effective  mass  of  pavement 
C = dynamic  deflection  of  the  pavement  surface 
C = damping  constant 

k^  = spring  constant  that  depends  on  static  load  of  vibrator 
b = third-order  nonlinear  plastic  parameter 
e = fifth-order  nonlinear  elastic  parameter 

V 

Fp  = dynamic  load 

Tlie  spring  consttuit  k^  is  related  to  the  static  load  by  the  equations 


k 

o 


= k 


oo 


+ 3be^x 


2 

e 


+ 


5e£  X 
e e 


F = k X + bx^  + ex^ 
s oo  e e e 


where 

k = linear  elastic  spring  constant 
oo 

= elastic  parameters 

X = static  elastic  deflection  of  pavement  surface  beneath 
the  vibrator  baseplate 

F = static  load  of  vibrator 
s 

The  elastic  constants  appear  in  the  expressions  for  the  elastic  parjun- 

eters  k^^  , b , and  e . For  example,  for  a subgrade  the  expression 

for  the  parameter  k is 

oo 
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where 


2Tra^Qj^Gj^'i' 

o 

= linear  elastic  parameter  of  a nonlinear  pavement 
a = radius  of  the  vibrator  baseplate 
Q = function  of  Poisson's  ratio 

G = shear  modulus  of  homogeneous  elastic  half-space 
4*  = expansion  parameter 

» finite  depth  of  influence  of  the  static  strain  field 
More  general  expressions  for  k^^  , b , and  e for  the  case  of  a 
layered  pavement  appear  in  Reference  2.  Weiss's  procedure  was  developed 
to  describe  the  measured  nonlinear  dynamic  load-deflection  c\irves.  How- 

3 

ever,  Weiss  has  also  developed  a linear  model  of  the  frequency  response 
spectrum  while  a nonlinear  model  of  the  frequency  response  spectrum  is 
under  study.  The  linear  model  is  found  to  be  inadequate  to  describe  the 
frequency  response  spectrum. 

The  nonlinear  dynamical  theory  of  Weiss  can  also  be  applied  to 

3 

the  laboratory  resilient  modulus  measiirement . This  theory  gives  an 

analytical  expression  for  the  resilient  modulus  in  terms  of  the  dynamic 
deviator  stress,  static  confining  pressure,  frequency,  and  a set  of 
basic  soil  parameters  including  the  Young's  modulus.  The  nonlinear 
dynamical  theory  can  be  used  to  extract  the  static  elastic  Young's 
modulus  value  from  the  measured  dynamic  resilient  modulus. 

FINITE  ELEMENT  ELASTIC  HALF- 
SPACE MODEL  (WAAS^^) 

Waas  has  developed  a finite  element  computer  program  that  cal- 
culates the  response  of  a foundation  resting  on  a linear  layered  elastic 
half-space  to  a dynamic  load  applied  to  the  top  of  the  foundation.  A 
rigid  lower  layer  is  required  by  the  finite  element  approach.  By  this 
method,  torsional  and  vertical  vibrations  of  circular  footings  on,  or 
embedded  in,  homogeneous  and  inhomogeneous  soil  or  pavement  layers  over 
rock  are  studied.  The  approach  is  a numerical  method  for  layered 
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elastic  media,  which  extends  the  earlier  result  of  I^smer  ^ for  the 
homogeneous  elastic  half-space. 

The  method  assumes  that  the  equation  of  motion  to  be  solved  for 


each  finite  element  is 


my  + Cy  + ky  •=  P(t) 


where 


m = mass  of  finite  element 
y = displacement  of  a nodal  Joint 
C = viscoelastic  damping  constant 
k = spring  constant 
P = driving  force 
t = time 

The  displacements,  damping  constants,  masses,  and  spring  constants  of 
the  finite  element  nodes  are  collected  into  a displacement  matrix  (y), 
a mass  matrix  (m),  and  a stiffness  matrix  (k).  The  stiffness  matrix  is 


complex  because  it  includes  the  viscoelastic  effects,  i.e.,  it  includes 
both  k and  C . The  matrix  form  of  the  equations  of  motion  are  solved 
subject  to  the  boundary  conditions  imposed  by  the  particular  program. 

The  result  is  a theoretical  frequency  response  spectrum  that  depends  on 
the  values  of  the  elastic  moduli  of  the  layered  system  and  on  the  depth 

of  the  lower  rigid  layer. 


Sniaotdot/  'torying  forct 
dut  to  rotating  massos 


Badosting 

Moss 


Paromont 

rooction 


Figure  UT.  Schematic  of  force 
system  for  Royal  Dutch  Shell 
Machine  (after  Lysmer  et  al.28) 


LINEAR  ELASTIC  HALF-SPACE 
MODEL  (LYSMER  ET  AL.^S) 

A linear  elastic  half- 
space model  was  advanced  by 
Lysmer  et  al.  in  their  develop- 
ment of  a nondestructive 
pavement  evaluation  method  based 
on  the  wave  propagation  method. 
Figure  UT  shows  the  idealized  sys- 
tem assumed  for  the  half-space 


t 
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model.  Pertinent  equations  ai’e  as  follows: 


P = P e 
max 


io)t 


R = R e 
max 


i(u)t  - a) 


z = z e 
max 


i(a)t  - 3) 


where 

P = force  due  to  rotating  masses 
e = base  of  natural  logarithms 
i = -1 

0)  = angular  frequency  of  rotating  masses 
t = time 

R = pavement  reaction 
a = phase  lag  of  R behind  P 

z = deflection  of  pavement  under  center  of  loading 
3 = phase  lag  of  z behind  P 

The  elastic  constants  in  the  half-space  model  are  contained  in  the  R 

max 

and  a terms  in  a very  complex  relationship  developed  by  Lysmer. 
VIBRATOR  WAVE  PATTERNS 

The  motion  of  the  soil  or  pavement  surface  in  direct  contact  with 
a vibratory  baseplate  is  in  phase  with  the  plate  and  vibrates  with  it ; 
however,  the  soil  motion  is  out  of  phase  and  complicated  at  positions 
away  from  the  plate.  Additional  comments  on  vibrator  wave  patterns  are 
given  below. 

LYSMER  ET  AL. 

28 

Lysmer  et  al.  stated  that  two  wave  tyjies  can  exist  in  elastic 
media,  dilational  (P-waves)  and  rotational  (S-waves  or  shear  waves). 
Under  special  conditions,  the  two  basic  wave  types  combine  to  form  other 
waves  with  special  names,  such  as  Rayleigh  waves.  Love  waves,  and 
Stonely  waves. 
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BARKAN  AND  WES 

Bai’kan^^  disclosed  that  when  a vibrator  is  placed  on  the  soil  and 
vibrates  as  a solid  body  with  one  degree  of  freedom,  then  theoretically 
the  resonance  curve  of  the  forced  vertical  vibrations  has  « maximum. 
However,  measured  resonance  curves  have  several  peaks.  Tliis 
phenomenon  of  multiple  peaks  is  exhibited  in  Figure  US,  which  shows 
graphs  of  deflection  versus  frequency  for  nine  test  sites,  all  on  rigid 
pavements.  Data  for  these  graphs  were  collected  using  the  WES  l6-kip 
vibi-ator  at  a consteint  dynamic  load  of  10  kips.  Within  the  given  fre- 
quency range  of  5 to  100  Hz,  five  or  six  peaJ^s  are  generally  apparent. 
Barkan  says  that  some  investigators  explain  these  multiple  peaks  by 
coincidences  of  the  natural  frequencies  of  the  soil  layers 
and  the  frequencies  of  propagating  waves. 

WES 

Figure  U9  shows  a comparison  of  pressures  on  a pavement  sur- 
face created  by  a wheel  of  a 72J  aircraft  and  the  WES  l6-kip  vibrator. 
Tlie  pressure  over  a point  created  by  the  aircraft  builds  up  from 
zero  as  the  tire  begins  to  approach  the  point,  reaches  a maximum  of 
172  psi  as  the  center  of  the  tire  is  over  the  point,  and  decreases 
back  to  zero  as  the  tire  leaves  the  point.  Tlie  pressure  created  by 
the  vibrator  is  a combination  of  static  and  dynamic  pressures.  Wlien 
the  load  mass  is  lowered  to  the  pavement,  a static  pressui'e  of 
63  psi  is  created.  If  the  dynamic  load  is  15  kips,  the  resulting 
total  maximum  pressiire  is  122  psi  and  the  minimum  pressure  is  h psi. 

The  maximum  surface  pressure  that  can  be  created  by  the  vibrator 
is  71  percent  of  the  pressui'e  of  one  wheel  of  the  727  aircraft 
(122  psi  i 172  psi).  To  duplicate  the  time  that  a point  is  loaded 
by  the  727  moving  at  20  mph,  the  vibrator  must  be  operated  at  a 
frequency  of  approximately  17  Hz;  however,  the  vibrator  cannot  be 
operated  for  one  cycle  of  loading,  which  would  simulate  the  passage 
of  an  aircraft,  due  to  mechanical  and  control  limitations.  Also, 
only  the  pavement  response  to  the  dynamic  load  can  be  measured  with 
the  existing  system  that  uses  velocity  transducers. 
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Figure  U8.  Deflection  versus  frequency  for  rigid  pavements 


0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.6 

TIME,  SEC 

Figiire  Up.  Compaxison  of  pressure  created  by  72J  aircraft  and  WES  vibrator 


The  aurl'aoe  preaaurea  created  by  one  wheel  of  moat  other  air- 
craft are  smaller  than  for  the  727;  for  example,  the  surface  preasurea 
created  by  one  wheel  of  the  DC-9  and  the  737  In  pal  ore  165  and  151, 
respectively.  The  testa  to  determine  the  resilient  moduli  of  pavement 
and  aubgrade  materials  cait  be  designed  to  reproduce  the  axial  pressures 
created  by  any  aircraft  or  the  vibrator.  However,  there  ore  differences 
between  the  state  of  stresses  in  the  field  under  the  vibrator  or  air- 
craft and  the  resilient  modulus  teat.  First,  in  resilient  modulus  test- 
ing, the  specimen  is  confined  in  the  longitudinal  direction,  and  stress 
is  constant  at  any  point  in  the  teat  specimen;  however,  under  the  air- 
craft and  the  vibrator,  the  stress  attenuates  with  depth.  l'<econdly, 
the  confining,  or  chtuuber  pressure,  in  the  resilience  testa  can  be  care- 
t\illy  controlled  to  any  level;  however,  the  confiniiig  presam’ea  under 
the  alrcrat't  and  vibrator  can  only  be  assiuned.  Little  is  known  about 
the  conf igiu'ation  or  the  mass  of  the  soil  influenced  by  vibratory 
loading. 

CaMMKNTi;  ON  KKUTINC  VlBHA'l'OK  HllUILT'o 
AND  COND'l’ANTD 

THANOFOHTATION  KK'FAHCll  HOAHD 

CONFKKKNl’K**^' 

At  the  'IVansportatlon  Kesearch  Ik^ord  Conference  held  in  September 
1973,  discussion  group  C reviewed  the  10  overlay  design  procedures  baaed 
on  deflection,  curvature,  or  atlft*neaa  known  to  be  in  use  in  the  United 
Utates.  'Hie  group  concluded  that  priority  one  in  research  needs  should 
be  given  to  establishing  the  "fundamental  deflection  basin  relationship 
to  performance  and  material  properties."  l‘\u*ther,  the  group  observed 
that  most  of  the  evaluation  procedvu'es  had  several  features  in  cimunon, 
but  j»one  of  the  procedures  was  luiiversally  applicable  due  to  the  vai'ia- 
tions  in  materials,  environment,  and  measiu'ing  teclmi^ivies . They  foxmd 
that  users  of  the  procedures  believed  that  they  had  insufficient  feed- 
back data  to  validate  and  impoi’ve  the  procedures  at  that  time. 

A.  J.  UCAu'*^ 

In  his  discussion  of  Cogill' a presentation  on  utilization  of 
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surface  deflection  meaaurementa  in  the  evaluation  of  highways,  A.  J. 
Scala  states:  "The  interpretation  of  the  deflection  bowl  of  a pavement 
under  loading  in  terms  of  elastic  moduli  or  strength  coefficients  of  the 
various  layers  would  be  of  inestimable  value  in  both  the  design  and 
evluation  of  pavements."  He  further  lists  four  pertinent  references 
(Texas  Transportation  Institute,  Utah  State  Highway  Depai'tment,  N.  I. 
Viswani,  and  C.  P.  Valkerlng)  of  which  he  recommended  the  Texas  system 
as  the  most  uset'ul  model  at  that  time. 


The  Texas  Transportatioji  Institute  system 
Hurmlster  equation 


is  based  on  the 
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Young's  modulus  of  upper  layer 
vertical  load  at  point  0 
vertical  displacement 


cylindrical  coordinate 
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1 + *4Nme 
where  e 
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,,2  -Itm  , , 
N e /I 


2N(1  + ;"m‘'')e"^  + 


base  of  tuitiu'ai  logai'ltlmis 
ptu’ometer 


N = (1  - E2/E^)/(1  + ^ 

where  * Yoiujg's  modulus  of  lower  ltv.ver 

Jq(x)  = Bessel  fvmction  of  the  first  kind  and  zero  order  with 
argument  x 

A computer  progriun,  EIAl'TIC  MODULUS,  computes  the  elastic  modvxll  of  each 
layer  of  a two-ltiyer  system.  The  required  inputs  »u'e  the  thickness  of 
the  upper  layer  and  deflections  measured  by  a Dy:iaflect  on  the  pavement 
surface.  Poisson's  ratio  is  assmed  as  0.5  for  both  layers. 

In  ELASTIC  MODULUS,  the  equatio::  used  is 


Wii'i 


- if) 
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where 


w^  = deflection  measured  at  a distance  r^  from  the  load 
F = function 

= Young's  modulus  of  the  lower  layer 
» Young's  modulus  of  the  upper  layer 
h ■ thickness  of  upper  layer 

W2  = deflection  measured  at  a distance  r^  from  the  load 
The  only  unknown  is  £2'^^!  • ‘^°*^vergent  process  of  trial  and  error, 

a value  of  'usually  can  be  found  that  satisfies  the  equation  and 

K,  is  ceilculated  from 


where 

P = vertical  force  acting  at  a point  in  the  horizontal  surface 
of  a two-layer  elastic  half-space 

The  authors  warn  that  for  calculations  involving  deflections  under  a 
heavy  vehicle  the  moduli  computed  by  ELASTIC  MODULUS  should  be  reduced 
by  approximately  one  half. 

EXTRAPOLATION  OF  G FROM  LOW  TO 
HIGH  STRESS  LEVELS 

LYSMER  ET  AL. 

28 

Lysmer  et  al.  recognized  that  because  strain  amplitudes  induced 
by  vibratory  testing  are  smaller  than  those  induced  by  aircraft,  the 
results  from  vibratory  in  situ  tests  can  be  expected  to  yield  higher 
values  of  moduli  and  indicate  less  damping  than  would  be  appropriate  for 
use  in  the  functional  evaluation  of  structures.  Lysmer  discusses  a 
proposed  method  in  which  G and  damping  properties  obtained  from 
in  situ  vibratory  tests  may  be  used  to  obtain  similar  properties  for  the 
description  of  behavior  at  strain  amplitudes  greater  than  those  induced 
by  the  test.  The  method  is  contained  in  Figure  50,  which  is  a graph  of 
the  ratio  of  shear  modulus  at  shear  strain  y to  shear  modulus  at 
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■ iO  In  percent  veroua  ahenr  atrnln  y li>  percent.  'I'he  moaulun 
veraua  aheaj'-atrjkin  relaticnahip  ctui  be  npproximateil  for  atxy  aujnl  by 
detenninlng  the  modulua  ut  any  atruin  tuul  revlucing  thla  value  for 
other  atralna  by  ualng  the  average  line  In  Klgiu'e  ‘>0. 

learner  foiuid  that  inforiiiation  abvnxt  the  ilynmiiic  reaponae  of  aolla 
other  thai»  .ssinds  la  limited  and  auggeated  that  moduli  obtained  from  a 
teat  on  gravelly  aoila  may  be  modified  to  approximate  valuea  at  other 
atraln  amplitudea  in  accordance  with  the  method  propoaed  for  aanda. 

IIAKDIN 

1. 

Hard  In 'a  procedure  whereby  ahear  moduli  at  any  atraln  level  im>^v 

be  calculated  fj\MU  reaulta  at  a given  atraln  level  ia  llluatrated  in 
Kigure  I'b. 

I'KEUMIN/VKY  KEUVi'lONllHlP  ESTABLlilUKl) 

IVElVEhlN  WE:'-  Ih-KIF  VilhlATOK  ANO 
fdJVt'.'riC  MODULII:'- 

DYNAMIC  STIFFNESS  MODULUS 

The  DSM  is  measured  with  the  WE:’-  l(--kip  vibrator  tuid  propoaed 
for  uae  by  WE:'-  in  a procedure  for  evaluating  airport  pavements,  it 
la  defined  aa  the  ratio  of  l-.'ud  to  deflection,  when  the  l-.'ad  la  a 
apeclflc,  3tea-.ty-atate  vibratory  load.  A c>.Mnpiete  -leacription  of 
procedures  for  determining  Ih'-M  and  applying  it  in  the  evaluation 
of  pavements  la  given  in  Keference  1.  Figure  '-I  shows  a atunple  compu- 
tation for  bSM. 

EQUATION  FOE  DSM 

Aa  part  of  thla  literature  review,  a special  study  was  made  to 
establish  a preliminary  relationship  between  the  Wtt'-  lO-Klp  vibrator 
results  and  elastic  modulua.  'I’ht'  f-'Mowlng  e-iuation  gave  the  beat 
r cavil  t s: 
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illustrates  that  the  use  of  this  equation  is  limited  to  the  range  of 
data  analysed.  However,  in  reality,  Df>M  = 0 , is  not  a consideration 
since  extension  of  curves  beyond  the  ra:ige  of  data  will  lead  to 
erroneous  conclusions. 

Figure  5^  is  a graph  of  IXIM  calculated  with  the  regression 
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Figure  5^.  Calculated  DSM  versus  actual  l^SM 

equation  versus  actual  DSM  (measured  with  lo-kip'  vibrator),  ddie  linetu' 
equation  of  best  fit  is  calculated  DSM  = 0.892  (actual  DSM)  + 150.  'Idie 
standard  deviation  is  +296  kip^s/in. 
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To  this  point,  this  study  has  been  concerned  almost  entirely  with 
the  direct  presentation  of  pertinent  infomation  from  the  literatui-e  and 
has  essentially  refrained  from  evaluation  or  discussion  of  that  infor- 
mation. llius  in  the  following  pai-agraphs,  an  effort  is  made  to  summa- 
rise, evaluate,  or  otherwise  discuss  the  infomation  that  has  been 
presented. 

REVIEW  OF  ELASTIC  CONSTANTS 

ELASTIC  CONSTANT  TK3T  METHODS 

AND  SPECIFIC  VALUES 

The  test  methods  reviewed  in  this  study  can  be  grouped  into  five 
general  categories: 

a.  Compression  testing. 

b.  Flexure  testing. 

c_.  Tension  testing. 

d.  Wave  velocity  testing. 

e.  Natural  frequency  testing. 

A summary  reference,  or  index,  to  the  test  methods  and  specific 
values  of  elastic  constsints  reported  herein  is  given  in  Table  2li.  This 
table  shows  the  elastic  constsuit  s.mbol  (as  used  by  the  reseaivher ) ; 
the  material;  the  researcher  or  reference;  the  figxu'e  and  table;  the 
type  of  test  and  category  of  test  (listed  above);  and  the  test  charac- 
teristics (whether  quasi-static  or  dyuiamic,  ajid  whether  state  of  stress 
and  loading  rate  frequency  were  considered). 

Table  25  presents  the  minimum  and  maximum  values  cited  herein  for 
elastic  constants.  It  is  evident  that  the  specific  values  for  each 
constant  can  have  an  extremely  wide  inuige.  It  is  doubtlMI  that  the 
elastic  constants  detemined  by  one  test  procedure  ai’e  compatible  with 
those  detemined  by  another  test  procedui'e.  Certainly,  test  procedures 
that  do  not  account  for  factors  that  cause  variations  in  the  elastic 
constants  will  produce  values  for  the  same  materials  that  ai-e  different 
from  those  obtained  from  test  procedxu-es  that  do  account  for  the  factors. 
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Summary  of  References  to  Test  Methods  for  and 


Elastic  Constant  Symbol 

Material 

Researcher 

or 

Reference 

■ ^ 

Figure  or  Table 

Wearing  Surface 

Elastic  Modulus 

E 

PCC 

ASm  CU69-65,  MRD 

1 

E 

PCC 

CRD-C21 

1 

E 

PCC 

ASTM  C597-71 

1 

E 

PCC 

Murillo,  CRD-C2I-58 

Table  2 ! 

Dynamic  E 

PCC 

Barkan 

Table  1 1 

Dynamic  E 

PCC 

CRD-CI8-59 

1 

E 

PCC 

Popov 

E , Dynamic  E 

PCC 

Neville 

Figs.  5-8  1 

E , Dynamic  E 

PCC 

WES 

Table  3 3 

|E»1 

AC 

WSU.  AI 

1 

Mr  , flexural  stiffness 

AC 

Glynn  and  Kirwan 

1 

E 

AC 

Klomp  and  Niesman 

Fig.  9 ! 

E 

AC 

Izatt  et  al. 

Fig.  10  ■ 

E 

AC 

Witczak 

Fig.  11  i 

Dynamic  E 

AC 

Cook  and  Krukar  (WSU) 

Fig.  12  . 

lE*| 

AC 

Pagen 

Fig.  13 

Stiffness  modulus 

AC 

Treated  Base 

MRD 

i 

Mr  , |e*| 

Emulsion 

Cook  and  Krukar 

Fig.  12,  lU, 

15,  16 

E 

Cement,  lime 

Barker  et  al. 

Table  h 

E 

Mr 

Cement 

Untreated  Base 

MRD,  ASTM  U69-65 

Dynamic  E 

Various 

Dorman  and  Klomp 

Fig.  17 

Mr 

Crushed  basaltic  rock 

Cook  and  Krukar 

Fig.  18,  19 

Mr 

Gravel,  untreated  stone 

Glynn  and  Kirwan 

Fig.  20,  21,  22 

Mr 

Mr 

Dynamic  E 

Various 

Subgrade 

Allen 

WES 

Dorman  and  Klomp 

Table  5 

Ei 

Clay,  semd 

Terzaghi  and  Peck 

Fig.  28 

(Continued) 

H 

* The  five  categories  are  (a)  compression  testing,  (b)  flexure  testing,  (c)  tension  testing,  (d)  wave  velod 


Table  2h 

is  for  and  Specific  Values  of  Elastic  Constants 


1 Figure  or  Table 


lastic  Modulus 


Table  2 
Table  1 


Figs.  5-« 
Table  3 


Fig.  9 
Fig.  10 
Fig.  11 
Fig.  12 
Fig.  13 


Fig.  12,  lU, 
15,  16 
Table  U 


Fig.  17 
Fig.  18,  19 
Fig.  20,  21,  22 
Table  5 


Fig.  28 
(Continued) 


pe  of  Test 


Compression 

Flexure 

Pulse  Velocity 

Rupture,  three-point  beam 

Sound  generator 

Natural  frequency 

Natural  frequency 
Triaxial,  compression,  impact 
Compression,  sinusoidal  stress 
Flexure  of  thin,  circular  slabs 


Stiffness 


Characteristics  of  Test 

State  Loading 
of  Rate 

Category*  Quasi-Static  Dynamic  Stress  Frequency 


Tension 

Compression 


Repetitive  triaxial  compression 
Wave  velocity 

Repetitive  triaxial  compression 
Repetitive  triaxial  compression 
Repetitive  triaxial  compression 


Repetitive  triaxial  compression 
Wave  velocity 
Triaxial  compression 


Og,  (d)  wave  velocity  testing,  and  (e)  natiural  frequency  testing. 
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Elastic  Constant  Symbol 


Material 


Researcher 

or 

Reference 


Figure  or  Table 


I 


a 


E 

E 

Er 

Hr 

% 

Em 

E 


U 

W 

U 

y 

y 

y 

y 

y 


y 

y 

y 


y 


y 

y 

y 

y 

y 

y 

y 

y 

y 
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Subgrade  (Continued) 


Elastic  Modulus  (Con 


Sand,  clay 
Fill,  mud 


All  materials  singly  or  in  combination 


Wearing  Surface 

PCC 

PCC 

PCC 

PCC 

PCC 

PCC 

AC 

AC 

Treated  Base 

Emulsion 
Cement,  lime 
Cement 

Untreated  Base 

Granular 

Subgrade 

Clay 

Sand 

Saturated  clay,  sand 

Clay,  clay  admixtures 

Sand,  clay 

Artificial  clay 

Clay,  loess,  sandy  soils 

Sandy;  silty,  seuidy  clay;  clay 

Rock  to  sat\n-ated  clay 


Lambe  and  Whitman 
Barkan 

Robnett  and  Thompson 
MRD 

Cook  and  Krukeir 
Foster  and  Heukelom 
WES 

Poisson’s  Ratio 


ASTM  Clt69-65 
CRD-C21 

CRD-CI8-59 

Yoder  and  PCA 
MRD 

Neville 

Glynn  and  Kirwan  (TTI) 
Orchard 


Cook  and  Krukar 
Barker  et  al. 
MRD,  as™  1*69-65 


Allen  Fig.  23,  2h 


Terzaghi  and  Peck 
Lambe  and  Whitman 
Morgsui  and  Sc  ala 
Barkan  w/Katsenelenbogan 
Bai'kan 

Barkan  ( Pokrovsky ) 

Barkan  (Ramspeck) 

Barkan  (Tsytovich)  i 

Bowles  Table  11 

(Continued) 
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|sie  2h  (Continued) 

Characteristics  of 

Test 

state 

Loading 

of 

Rate 

Figure  or  Table 

Type  of  Test 

Category 

Quasi-Static  Dynamic 

Stress 

Frequency 

|itic  Modulus  (Continued) 

5 

t 

Triaxial  compression 

a 

X 

X 

Compression  on  clay  cubes 

a 

X 

Repetitive  triaxiad. 

a 

X 

X 

X 

Repetitive  triaxial 

a 

X 

X 

X 

Repetitive  triaxial 

a 

X 

X 

X 

Wave  velocity 

d 

X 

Vibratory  (DSM) 

a 

X 

X 

Poisson's  Ratio 

Compression 

a 

X 

Flexure 

b 

X 

Natural  frequency 

e 

X 

Compression 

a 

X X 

Compression 

a 

X 

Fig.  23,  2U 

Repetitive  triaxial  compression 

a 

X 

X 

X 

Repetitive  triaxial  compression 

a 

X 

X 

X 

Triaxial  compression 

a 

X 

X 

tn 

Wave  velocity 

X 

Table  11 

(Continued)  2 of  3) 
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t At  rupture 
tt  Assumed. 


Tlie  point  is  Hint  vnluon  I'or  tho  e.lnntio  eomitniits  onnnot  bo  randomly 
extriK'tod  from  reportr.  or  booka  without  1 t'ii-'ntlon  na  run,  for 
oxamplo,  tho  unit  woi^^ht  of  wntor  at  'fO^'K.  Anothor  point  ia  tliat  toat 
procodiu'oa  ahould  not  bo  "mixod."  For  oxtunpio,  in  tho  ivimputor  luinlysia 
of  a two-ln>’erod  pnvomont.  atruoturo,  it  ia  luit  good  pruotioo  to  cliooae 
lui  elnatio  modulua  for  ono  Inj'or  bnaod  on  n wnvo  velocity  toat  luul  tlio 
modulua  of  tlio  otiior  layer  baa<'vl  on  a ijunai-atatic  triaxial  Ciimp'roasion 
toat . 

FACrOKi'  'I’lbvr  AKFFri'  VAUIH?  Oi'  f 

K1  A:'T  1 f CONiVl'AN’l’f> 

Tlio  Inolaatlc  behavior  of  pavement  materiala,  oapociully  lui- 
treated  baae  materiala  and  aubgradea,  l.e.,  aolla,  ia  univeraally  rocog- 
nii'.od  aa  the  baaic  cauae  of  the  wide  vai'iationa  that  occiu'  in  valuoa  of 
elaatic  conatanta  and  the  difficultJoa  that  ariao  in  tho  moaaiu'ement  of 
the  conatfuita,  their  uae  in  character lr.lng  pavement  materiala,  juui  in 
the  ultimate'  uae  of  elaatic  theory  aa  a baaia  for  the  development  of 
airport  pavement  deaign  and  oval  nation  mothodologi’ . Yet,  no  better 
approach  to  a aolutlon  of  tlieae  problema  haa  evidenced  itaolf  than  tho 
precalculated  aaaiutiptlon  of  elaatic  behavior,  J.e.,  t.he  aaaiunption  tlmt 
Hooke 'a  law  will  be  uaed , knowing  that,  aome  inaccuracy  ia  a likely 
consoiiuonce.  Aa  one  reaoarcher,  Barkfui,^''^  puta  it,  "...tho  aaaumption 
of  a relationahip  more  complicated  tluui  liooko'a  law  will  load  to  the 
noccaalty  of  employing  a nonlinear  theory  of  elaatlclty  operating  with 
nonlinear  differential  euuatlona.  The  aolution  of  thoao  oquationa,  oven 
in  tho  almpleat.  problema,  loada  to  conaiderablo  di f f icul t iea . . . " He 
fTirther  atatoa  that  tho  application  of  the  nonlinear  relationa  bocomea 
practically-  Impoaaiblc,  and  it  ia  noceaa.-u-y  to  roatrict  the  analyais  by 
the  aaaumption  that  the  material,  eapocially  the  aoil,  atrlctly  followa 
Hooke'a  law.  Howv'ver,  the  problejii  of  applying  nonlinear  relationa  can 
be  rcaolvod  by  uae  of  finite  element  progriuna.  A linear  relationahip 
can  be  aaaumed  within  each  element,  luid  a ik’hI inear  relationahip  can  be 
applied  fi'om  element  to  element.  Ni'vertheleaa,  finite  element  aolutlona 
only  approximate  nonlinear  elaatic  aolutlona,  but  the  approxlmationa  may 

I Ut 


be  ot'  acceptable  accui'acy  in  some  cases.  It  must  be  kept  in  mind  that 
the  numerical  values  of  elastic  soil  constants  should  be  selected  with 
due  consideration  of  the  influence  of  the  siraplii'ying  assumptions. 

Many  specific  causes  of  variations  in  values  of  elastic  constants 
were  cited  in  this  literature  review.  These  may  be  classified  into  six 
general  categories,  as  follows: 

Frequency  and  duration  of  loading. 

Jtate  of  stresses. 

Age  of  material. 

Compositions  and  material  properties. 

Temperatui'e. 

Strain. 

Table  26  contains  summary  information  regarding  the  factors  that 
affect  values  of  elastic  constants.  'Diis  table  shows  the  elastic 
constant  symbol  (as  used  by  the  reseai'cher ) ; the  material;  the  i*e- 
searcher  or  reference;  the  figui'e  and  table;  the  factor(s)  affecting  the 
elastic  constant  values;  and  the  category  (listed  above)  of  the  factor. 

A discussion,  by  categories,  follows. 

Frequency  and  Duration  of  Loading.  The  studies  of  Morgan  and 

2U  25  27  28 

Scala,  Klomp  and  Niesman,  Witzcak,  ' and  Pagen  sliowed  tliat  the 

elastic  modulus  of  AC  wearing  surfaces  is  highly  dependent  on  the  fre- 
quency of  loading.  For  example  (Figure  ll),  at  a temperature  of  TO'^F, 
the  AC  moduli  at  frequencies  of  1,  U,  and  16  cps  are  370,000,  570,000, 

and  770,000  psi,  respectively. 

30 

Allen  reported  tliat  Seed  and  Chan  (Table  5)  indicated  an  effect 
of  frequency  and  duration  of  loading  on  the  Mj^  of  silty  sand  (Table  5) 
but  did  not  elucidate  fui'ther.  Monismith  et  al.^^  also  mentioned  that 
rate  of  application  is  an  influencing  factor  on  the  Mj,  of  untreated 
granulai'  materials. 

Graphs  of  deflection  versus  frequency  of  loading  obtained  from 
vibrator  test  devices  on  all  materials,  including  homogenous  soils, 
exhibit  pronounced  peaks  euid  troughs  (Figui'e  US)  for  rigid  pavements. 

For  test  site  No.  Nil,  changing  the  frequency  from  20  to  liO  Hz  reduced 
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the  deflection  by  nearly  one  half  (from  0.0102  to  0,005^  in.).  Obvi- 
ously, tests  on  the  same  material  at  different  frequencies  will  not  pro- 
duce the  same  results. 

8 21 

State  of  Stresses.  Work  at  WES  and  MRD,  as  well  as  the 
research  of  Hardin, Cook  and  Krukar,^^  Glynn  and  Kirwaii,^^  and  others, 
showed  that  modulus  values  of  materials  depend  on  the  state  of  the 
stresses  or  the  confining  pressures.  Since  the  shape  or  mass  of  soil 
influenced  by  vibratory  testing  is  indefinite,  it  is  difficult  to  deter- 
mine the  pressure  on  the  in-place  soils  during  vibratory  testing. 

A dynamic  theory  for  computations  of  stresses  in  soils  beneath 
vibratory  loading  was  not  found;  therefore,  for  the  present,  a static 
theory  must  be  used  as  an  approximation. 

The  variable  nature  of  the  elastic  constants  of  soil  and  the 
variability  introduced  by  the  different  test  methods  emphasise  the 
desirability  of  in  situ  determinations  of  these  constants.  It  has  been 
recognized  for  years  that  the  behavior  of  soils  in  the  laboratory, 
especially  clays,  can  be  radically  different  from  behavior  in  the  field 
even  when  tests  are  performed  on  undisturbed  specimens  under  carefulJ^ 
controlled  conditions.  With  the  knowledge  being  gained  by  contemporary 
researchers,  it  should  soon  be  possible  to  design  vibratory  tests  to 
exactly  simulate  in  situ  stress  conditions  created  by  aircraft  and  thus 
yield  more  precise  results. 

Of  the  equations  relating  resilient  mod\ilus  and  state  of  stress 

29 

in  base  course  materials,  Bai'ker  et  al.,  in  his  work  with  the  struc- 
tural properties  of  stabilized  layers,  found  Hicks'  expression 

Ko 

to  be  most  useful.  The  values  of  the  constants  and  are  listed 

for  10  categories  of  materials  in  Table  13.  However,  five  of  these 
categories  are  for  gravels  in  five  different  states  of  crushed  condition 
or  saturation,  and  the  other  five  categories  of  materials  are  classified 
by  regional  nomenclature.  Therefore,  the  application  of  this  equation 
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is  limited  until  the  list  of  constants  is  expanded. 

The  equations  relating  moduli  and  states  of  stress  in  soils  are 
usethil  in  describing  the  changes  in  moduli  with  change  in  conditions; 
however,  application  of  the  equations  is  limited  because  of  the  effect 
on  the  modulus  of  soils  (especially'  clays)  of  tlie  majiy  variables,  such 
as  moisture  content,  porosity,  and  particle  composition. 

p;.  Material.  The  influence  of  age  on  the  elastic  modulus  of 
FCC  wearing  siu’faces  was  recognized  by  Barker.  According  to  his  data, 
the  aging  of  six  concrete  samples  from  7 to  28  days  raised  the  E values 
of  five  of  them  from  about  7 to  26  percent  (Table  l).  The  E value  of 
one  of  the  ssimples  actually  decreased  6 percent.  No  exj'lanation  of  this 
appai'ent  anomaly  was  given.  The  aging  of  concrete  samples  probably 
resulted  in  some  deliydration,  mainly'  in  the  eai'ly  stages  of  aging,  ajid 
the  deliydration  tended  to  increase  the  cementation  forces  and  thus  the 
E value.  Beneficial  effects  of  aging  will  continue  at  a reduced  rate 
after  28  days. 

Appai'ently,  age  is  a significant  factoi-  in  the  resilient  moduli 
of  emulsion-treated  base  (Figui'e  l^i).  Uncui'ed  test  specimen  A,  which 
was  tested  at  80‘’F’,  exhibited  significantly  lower  moduli  values  than  did 

test  specimen  B,  which  was  cui'ed  for  6 months  and  tested  at  100°F . 

35 

Monismith  et  al.  stated  that  the  age  of  a fine-grained  soil  at 
initial  loading  is  a factor  that  influences  the  value  of  its  modulus  of 
resiliency.  No  attempt  was  made  to  quantify  that  influence.  Several 
researchers  in  addition  to  Monismith  acknowledge  age  effects  but  offer 
no  detailed  discussion.  Apparently,  the  researchers  ai'e  discussing  an 
influence  that  is  independent  of  all  the  factors  listed  in  Table  26 
that  affects  elastic  constants.  Ttie  only  otlier  factors  that  come  to 
mind  are  settlement  and  molecular  bond. 

Compositions  and  Material  Properties.  Tlie  relationship,  devel- 
oped by  Glynn  and  Kirwmi  (Figure  Uo),  between  resilient  modulus,  stress, 
FI,  moisture  content,  and  density  of  clays,  appears  promising  because 
it  considers  four  factors  that  have  a:\  important  influence  on  the 
modulus  value,  and  also  because  it  expresses  the  modulus  in  terms  of 


120 


r — ^ 

I 

i 

I 

1 

i 

bttoic  soil  proportiea  that  are  simple  to  determine. 

Dorman  and  Klomp’s  relationship"^'  of  CBR  to  subgrade  K (Fig- 
ure Ul)  is  useful  because  it  represents  in  situ  conditions  wlien  the  CDK 
is  measured  in  place.  However,  Figui’e  Itl  shows  that  tliere  is  signifi- 
cant scatter  iti  the  data.  For  a CliH  of  20,  the  K values  range  in  the 
approximate  limit  from  li>,000  to  00,000  psl.  Hobnett  and  'lliompson^^ 
concluded  that  thei’e  is  no  relationship  between  1'^  ujid  CUH  because  of 
tlie  scatter  observed  in  their  graph  (Figui'e  ^2).  Scatter  in  FlguJ’o  1*2 
^ is  comparable  to  that  in  Figiu’e  ^*1.  Tlie  scatter  evident  in  the  CDH-K 

relationship  does  not  nullify  the  possibility  of  using  CDK  as  an  esti- 
mator  of  K . However,  the  vai'iation  in  K for  a given  CliH  should  be 
considered  when  this  reJationshlp  Is  used.  Wlien  modulus  testing  Is 
feasible,  CliH  testa  are  not  reconunended  as  s.ibstitutes. 

12 

ilie  relationship  proposed  by  the  Asphalt  institute  *■  in  Figui'e  ^*3 

ties  the  subgrade  modulus  of  elasticity  to  plate  bearing  value.  How- 

1)0 

ever,  Crawford  et  al.  found  tliat  to  approximately  compute  the  elastic 
layer  deformation  using  a Westergaard  idealization,  subbase  k values 
measured  in  the  field  must  be  reduced  by  90  percent.  Crawford's  find- 
ings indicate  that  the  subgrade  moduli  may  also  require  adjustment 
before  serving  as  input  for  the  layered-elast- Ic  programs. 

Hardin's  eiiuations  for  shear  moduli  of  soils  luid  gravels  appear 
to  be  more  complete  in  their  treatment  of  influencing  vai'iables  than  do 
the  equations  found  in  other  references,  iliese  equations  could  be  use- 
ful in  verification  and  correlation  work;  ho’wever,  it  is  not  clear  at 
this  time  'f  they  can  be  adapted  for  tlie  stmly  at  hand.  The  equations 
also  require  the  determination  of  some  index  properties  of  soil. 

Temperature.  Tlie  effect  of  temperature  on  the  modulus  of  elas- 
ticity of  AC  has  Long  been  recognized.  An  idea  of  how  profound  this 
effect  can  be  mtiy  be  gained  by  inspecting  Figure  9.  It  can  be  seen  that 
a chimge  of  li0°C  (from  -10  to  30°C)  caused  a decrease  in  elastic  modulus 

O o 

of  about  150,000  kg/cra"  (from  l60,000  to  10,000  kg/cm").  Other  graphic 
evidence  of  temperature  effects  on  the  elastic  modulus  of  AC  wearing 
surfaces  can  be  seen  in  Figures  10,  11,  12,  I**,  15,  and  l6. 
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No  rrtVrrnorn  wore  cx(unincHl  tluit  nhowovi  tho  olToot  of  lonu^oraUn'r  I 

1 

oil  1\'C  wniriiif^  luir rHv'rn,  bane  malcriiiiii , or  mibe^ruvie  matorialp.  It  in  | 

known,  liowovcr,  lliat  Lomporatnrr  vloen  aflVot  ilio  olaiUio  oonotjuitn  v'T 
tlicnr  material  a Init  tvi  a lesuirr  dcKrco  tlian  it  docn  tlK3nr  I'l'  AC  woariiiK 
aurt’aoon . 

titraln.  One  ban  onl,v  to  innpeot  Figure  Co,  a plv't  of  ntrenn 

vernun  ntralii  for  an  unoonflned  clay  npeeimen  (after  Trrcagbl  aiki  j 

I'ceK"^^).  to  recognise  t.iie  extreme  importance  of  ntrain  I'li  ttie  value  of  | 

an  elastic  constant  in  clay.  Alien  reported  ttiat  Trollope,  I^ee,  and 

Morris  (Table  b)  considered  rate  of  defoniiation  to  be  an  influencing 

factor  on  the  M^,  of  poorly  graded  dry  sand.  lambe  and  Whi tmair^'  i 

stated  that  F vlecreases  and  v increases  an  istrain  level  Increases 

and  tliat  K increases  with  an  Increase  in  strain  rate.  Monismiiii  et  nl. 

listed  rat.e  of  deformation  as  an  influence  on  M^,  of  untreatevi  granular 

mat  erials.  Hardin  showed  a logaritlimical  ly  decreasing  C witli  an  in- 
'll 

crease  in  strain  amplitude.  lysmer  et  al.'  listcvi  strain  luiiplitude  as 
one  of  the  most  significant  factors  affecting  C . 

C-KNC.ITIVITY  OF  FAVMvlKNT  liECd'CNC'E:''  TO 
CHANC.Fr-  IN  El  .ACT  10  CONC'TAN'IV-  ANP 
THlCkNU'.C- 

rtchumanl's  studies  pcv^viiie  data  fi'r  a summary  .iiscussion  v'f  t lie 
effect  of  changes  in  elastic  constants  on  surface  deflev-tion.  Table  Of 
slk'ws  the  factors  by  which  E and  v ma,v  vary  in  flexible  and  rigid 
pavement  lawyers  tv'  province  less  than  10  perv'ent  cliange  in  the  v'a  I cil- 
iated surfav'e  def  1 ect  lc>ns.  'll'e  facti'rs  were  vierivevi  by  i nt  erpv' 1 at  i on 
v'f  results  v’btainevi  by  I'ichumani  with  the  AFFAV  prv'griuii.  Altlunigh 
values  are  v''nly  apv'roximat  e,  this  table  slu'ws  t he  relative  impv'i  l ance  v'f 
aocurat.e  E aiivl  v v.alues  for  the  pavement  I levers  and  subgravu-. 

1110.  in  PAVl-WENTO- 

For  rigivi  pavv’tnents,  the  E v'f  t hv'  surt'ace  .'.'ursv'  is  morv' 
critical  than  fv'r  flexible  pavements,  an.i  av'curat  e values  fv'r  K's  v'f 
the  subgravle  are  .lust  as  impv'rt.ant  fv'r  rigivi  as  fv'r  flexibU'  paveti.ents. 
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Table 

Approximate  Factor  by  Wliloh  Elaatic  Conataiita  May  Vary 
frvxn  True  Value  and  Produce  Lean  Than  10  Percent 
to’ror  in  Computed  Surface  He fleet Ion 


Pavement  T'ype 

Couj'se 

E 

Factor 

V 

Hlgid 

Bur  face 

1.1(3 

Not  studied 

Bubgrade 

1.03 

Not  studied 

Flexible 

Surface 

0.1(2 

10.0 

Base 

3.11 

10.0 

Bubbase 

LMli 

10.0 

Bubgrade 

l.O^p 

1.07 

There  la  no  dat.a  on  senaltlvlty  of  calculations  to  variations  in  \>  for 
rlRid  pavements. 

FlllXIlUi:  I’AVilNffiNTV- 

In  flexible  pavemeuta,  caiculiitions  of  oui'face  deflection  are  not 
high.ly^  sensitive  to  either  E values  or  Poisson's  ratios  of  the  sui-- 
face,  base,  or  subbaae  course,  but  both  the  E value  and  the  Poisson's 
ratio  of  th»'  sub^rade  must,  not  vary  more  than  5 luid  7 percent,  respec- 
tively, from  t.heir  true  values,  if  less  tlian  10  percent  error  in  siu-- 
faco  deflection  is  to  be  maintained. 

Pichvunani  cautions  tiiat  altlioiyih  the  E values  for  flexible  | 

pavement  base  and  subbaso  couj’ses  may  not  be  liiglily  significant  for  siu'- 

face  deflections,  tiiey  are  important  in  determining  tlie  state  of  stress  1 

in  the  upper  iiiyers  of  tlie  pavement  system. 

KEIATIONGHIPO  BCTWEEN  VIBHATOEY  TEt^'f 
HKUILTP.  AND  MATEHlAb  PAKAMkM'ERB 

MATIimATICAL  MOPEEP^ 

lip 

Tlie  metliod  of  Tsctiebotariof f ' applies  the  linear  spring-mass- 
dashpot  model  to  one  resonant  peak  of  the  frequency  response  spectrvuu. 

Weiss'^  l\as  used  a simllai'  linear  lumped-mass  spring  model  to  measured 
resonant  peaks  and  l\as  found  that  the  linear  model  is  inadequate  t.o 
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describe  the  resonant  peak  and  to  determine  the  subgrade  Young's  modulus; 

a nonlinear  dynamic  theory  of  the  frequency-response  apecti’um  is  re- 

43 

quired.  Yang  uses  the  linear  luraped-raass  spring  model  to  obtain  the 

E modulus  of  a pavement  from  the  entire  measured  frequency  response 

spectrum  including  all  resonant  peaks. 

44  45 

Waas  and  hysmer  have  developed  a linear  elastic  half-space 
model  for  calculating  the  response  of  a foundation  resting  on  a layered 
elastic  half-space.  Waas  describes  the  frequency  response  spectrum  in 
terms  of  a numerical  procedui’e  based  on  the  finite  element  method.  The 
dynamic  load-deflection  cui’ves  predicted  by  this  model  are  always  linear 
because  of  the  assumption  of  the  linear  elastic  half-space. 

A nonlinear  harmonic  oscillator  model  has  been  developed  by 
2 3 

Weiss  ’ to  describe  the  measured  nonlinear  dynamic  load-deflection 
curves  and  to  extract  the  value  of  the  subgrade  Young's  modulus  from 
these  cui'ves.  This  model  also  describes  the  laboratory  resilient 
modulus  test  and  can  obtain  the  value  of  the  Young's  modulus  from  the 
measured  resilient  modulus.  The  value  of  the  Young's  modulus  obtained 
from  the  field  and  laboratory  tests  should  agree  approximately  with  the 
Shell  equation,  E = 1500  CBR. 

The  wave  propagation  method  of  vibratory  nondestructive  test- 
ing  of  pavements  has  been  studied  recently  by  hysmer  et  al.^"  Wave 
solutions  of  the  basic  dynamical  elastic  equations  of  motion  aj-e  ob- 
tained subject  to  the  boundary  conditions  at  the  pavement  surface  and 
at  the  Interfaces  of  the  pavement  layers.  Rayleigh  wave  dispersion 
curves  giving  phase  velocity  versus  wavelength  are  obtained  using  a 
mechanical  vibrator,  and  these  curves  exhibit  discontinuous  branches, 
which  must  be  described  theoretically  by  solving  the  secular  determinant 
equation  arising  from  the  boundary  conditions. 

The  wave  propagation  method  has  these  disadvantages:  (a)  it 
requires  a complicated  theoretical  description,  which  may  not  ftilly 
describe  the  physical  situation;  and  (b)  it  predicts  elastic  moduli 
under  very  small  stress  and  strain  conditions,  so  that  these  elastic 
moduli  cannot  be  used  directly  for  pavement  calculations  that  require 


elastic  moduli  under  actual  loading  conditions. 
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The  linear  regression  equation  for  DSM  also  indicates  that  the 
elastic  moduli  of  the  various  pavement  layers  and  subgrade  are  related 
to  the  surface  deflection  in  a complicated  fashion.  In  addition,  in  any 
regression  equation  containing  several  terms  for  each  pavement  layer, 

I 

there  is  no  v.  orance  that  the  contribution  made  by  each  pavement  layer 
is  exactly  indicated  by  the  equation. 

VIBRATOR  WAVE  PATTERNS 

The  utilization  of  deflection  basin  measurements  in  attempts  to 
extract  elastic  consteuits  from  vibratory  test  results  is  not  considered 
practical  for  several  reasons.  The  first  reason  is  that  the  motion  of 
soil  away  from  the  vibrator  baseplate  is  complicated  ajid  not  tuaderstood. 

The  fact  that  the  ground  at  some  distance  away  from  the  baseplate  may  be 
out  of  phase  with  the  baseplate  by  various  degrees  makes  the  data  diffi- 
cult to  interpret.  The  second  reason  is  that  there  are  two  or  more  types 
of  waves  that  radiate  away  from  the  baseplate  during  vibration. 

Although  vibratory  devices  have  peak  detectors  that  produce  data  which 
plot  in  neat  "bowl-shaped"  graphs,  there  is  no  certainty  that  the  pave- 
ment always  bends  to  conform  to  the  graph  of  the  pavement  surface.  The 
third  reason  is  that  deflection  rapidly  decreases  in  magnitude  as 
distance  from  the  baseplate  increases.  In  many  cases,  the  ability  of 
the  velocity  transducers  to  produce  accurate  deflection  measurements 
will  be  exceeded.  A fourth  reason  for  not  using  deflection  basins  is 
the  complication  of  different  wavelengths  created  by  vibrations  on 
different  pavement  sections  and  at  different  frequencies.  In  many 
cases,  it  will  not  be  known  if  in  the  horizontal  range  of  the  trans- 
ducers, a quarter,  half,  fiill,  or  some  \mknown  fraction  of  a wavelength 
is  being  reflected  by  the  measurements. 

The  Texas  Transportation  Institute  procedure  for  extracting 
elastic  constants  from  vibratory  test  results  is  useful  but  has  three 
shortcomings.  First,  it  uses  deflection  basin  measurements  that  are 
difficult  to  analyze.  Second,  it  relies  on  the  static  Bvirmister  theory 
to  describe  dynamic  loading;  and  third,  the  mod\ili  values  produced 
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require  multiplication  by  a Judgment  factor  to  be  realistic  for  use  in 
calculations  involving  heavy  loads. 


EXTRAPOLATION  OF  CONSTANTS  FROM 

LOW  TO  HIGH  STRESS  LEVELS 

The  significance  of  stress  level  on  modulus  value  is  recognized, 
and  Hardin's  method^^  of  extrapolating  shear  moduli  at  one  strain  level 
to  any  strain  level  appears  to  be  the  best  available  procedure.  Tliis 
procedure  will  allow  the  calculation  of  appropriate  modulus  values  for 
stresses  created  by  aircraft  of  any  size.  ) 

PRELIMINARY  RELATIONSHIPS  ESTABLISHED 

BEWEEN  WES  16-KIP  VIBRATOR  AND 

ELASTIC  CONSTANTS 

The  empirical  relationship  between  the  DSM  calculated  for  the 
WES  16-kip  vibrator  and  the  elastic  modulus  of  the  pavement  layers 
apparently  is  valid  since  calculated  values  of  DSM  correlate  well  with 
measured  values;  however,  the  material  properties  of  the  layers  ai*e  not 
known  with  enough  precision  to  establish  a reliable  working  relationship. 

Also,  the  empirical  equation  is  not  universally  applicable  as  indicated 
by  the  fact  that  the  minimum  subgrade  modulus  value  which  can  be  com- 
puted is  higher  than  values  that  have  often  been  measured. 

Tfie  surface  pressures  created  by  the  l6-kip  vibrator  can  be  made 
equal  to  those  created  by  aircraft  by  changing  the  baseplate  size.  How- 
ever, the  characteristics  of  the  existing  vibrator  that  cannot  be 
altered  to  simulate  aircraft  loadings  are:  (a)  one  cycle  of  loading  is 
not  possible;  (b)  the  static  weight  is  fixed;  and  (c)  it  is  possible  to 
determine  only  the  deflection  created  by  the  peak  dynamic  load. 
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RECOMMENDATIONS. 


! 

! 

♦ 


I 


f 


I 


During  tho  course  of  this  literature  review,  the  reviewer  con- 
stantly had  in  mind  the  objective  of  tho  overall  program,  namely,  to 
develop  a more  rational  and  anal.vtical  method  for  evaluating  airport 
pavemeivts  based  on  elastic  theory  and  using  elastic  constants  as  deter- 
mined from  vibratory  test  results.  As  a consequence,  it  was  inevitable 
that  the  reviewer  be  prompted  to  certain  relevant  impressions  mid  ideas. 
These  thoughts,  svvne  from  the  direct  results  of  the  data  exmuined  mul 
others  largely  intuitive  or  even  obvious,  ai-e  offered  here  in  the  fonn 
of  "Reconunendations,"  in  the  hope  that  tliey  will  be  of  value  in  planning 
and/or  implementing  the  ongoing  study  mid  future  studies  to  develop 
improved  methodology.  As  a final  rec^vumendation,  a suggested  breakdown 
of  the  ongoing  studj'  into  phases  or  work  !u*eas  is  offered. 

RlA’i™  OF  ELAC.TIC  CONOTANTO 

MK/VC'URINC,  ELAOTIC  CONC.TilNTD 

Otate  of  stresses  for  fielvi  testing  should  be  duplicated  in  tlie 
laboratory,  'llie  effect  of  the  inelastic  behavior  of  materials  on 
elastic  modulus  can  be  minimised  by  alwa,vs  using  the  same  modulus 
(E,  , E,  , E , or  R ) in  laboratory  work. 

i.  t-  iv  (1 

VARIATION;’  IN  ELAOTIC  CONDTilNTD 

Frequency  and  Duration  of  Loading.  The  nonlinear  model  dev'e loped 
by  Weiss^’  allows  the  extraction  of  elastic  modulus  values  from  field 
vibratory  tost  results.  These  modulus  values  arc  Independent  of  fre- 
quency us  well  as  static  and  dynamic  loads  of  tlie  vibrator.  Axial 
stresses  and  confining  stresses  are  equal  to  in  situ  conditions  witli 
no  ioad.  On  a stress-strain  cui've  for  any  material,  the  elastic  modulus 
determined  by  Weiss  would  correspond  to  the  initial  tmigent  modulus, 

Ej  . 'llierefore,  repetitive  load  laboratory  testing  done  in  conjunction 
with  the  Weiss  work  shovild  be  perfomed  at  frequencies  as  low  as 
possible  to  minimise  any  possible  disparities  between  quasi-static  mid 
.lynamic  test  metiiods. 
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State  of  Stresses.  Ahlvin  and  Poster^^  developed  influence 

diagrams  for  stresses  imposed  in  semi-infinite  elastic  media  by  a uni- 

fom  circular  surface  load,  which  can  be  used  to  approximate  stresses 

induced  by  vibratory  loading.  Figui*es  55  and  56  are  the  diagrams  for 

vertical  normal  stress,  o , and  horizontal  normal  stress,  o . Be- 

2 ^ r 

cause  these  diagrams  are  for  a semi-infinite  media,  and  the  present  con- 
cern is  with  stresses  beneath  multilayered  pavements,  another  approxima- 
tion is  necessary.  'Hiis  involves  converting  the  pavement  layers  to 

51 

equivalent  thicknesses  of  subgi'ade  as  suggested  in  5-312.  For 
example,  assume  stresses  are  desired  for  a point  in  a subgrade  with  a 
unit  weight  of  at  a distance  h^  below  the  top  of  the  subgrade. 

The  subgrade  is  covered  with  a material  with  a unit  weight  of  y^  , 
which  has  a thickness,  t . The  depth,  z , to  be  used  with  the  in- 
fluence diagrtuns  is  computed  as 

Y, 

2 = h + — (t) 

® ^s 

Ai^e  of  Material.  Vrtien  age  could  be  tin  Important  factor  in 
modulus  or  vibrator  test  results,  the  effect  will  liave  to  be  ignored. 
Insufficient  information  exists  on  age  effects  to  allow  even  approximate 
quantification  of  its  effects  on  any  material. 

Compositions  and  Material  Properties.  Wide  ranges  in  behavior 

due  to  compositions  and  properties  of  materials,  especially  soils,  mtike 

the  assignment  of  values  of  E , v , and  G from  tabulated  values 

15 

nothing  but  guesswork.  Hai'din's  method  for  determining  shear  modulus 
of  soils  and  gravels  appears  to  consider  all  pertinent  factors,  and 
similar  procedui'es  will  have  to  be  adopted  for  all  pavement  materials; 
however,  time  will  not  allow  the  development  of  these  procedures  for  tlie 
methodology  presently  being  developed  for  FAA  by  VES.  Therefore,  it  is 
recommended  that  methods  for  estimating  elastic  constants  for  the  evalua- 
tion methodology  be  developed  based  on  existing  equations  that  accoimt 

for  in  situ  material  properties  and  stress  levels. 

39 

Hicks'  list  of  constants  tuid  should  be  expanded.  His 
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VERTICAL  influence  VALUE.  100  I 


NOTE:  NUMBERS  ON  CURVES 
INDICATE  VALUE  OF 


o 


Figure  55*  Influence  diagram  for  vertical  normal 
stress  O2  at  various  points  within  an  elastic 
half-space  under  a uniformly  loaded  circular 
area  (after  Ahlvin  eind  Foster^O) 

HORIZONTAL  INFLUENCE  VALUE,  100  1 


NOTE:  NUMBERS  ON  CURVES 

indicate  value  of 
r/b. 


8 '2b 

0 


fJL  = O.S 

cr  =1  p 


Figvure  56.  Influence  diagram  for  horizontal  normal 
stress  Or  at  various  points  within  an  elastic 
half-space  under  a uniformly  loaded  circular  area 
(after  Ahlvin  eind  Foster 50) 


r 


equation  oould  be  universal-!^'  applied  if  the  constants  are  listed  in 
terns  of  all  soils  in  the  Unified  Soil  Classification  System  instead  of 
regional  terms. 

13 

The  graph  (Figui'e  Uo)  of  Glynn  and  Kirwan  showing  the  dynamic 
stress  response  of  clays  is  usetMl  for  comparison  with  modulus  values 
determined  by  other  methods.  A similar  relationship  for  sands  will  also 
be  usetlil.  However,  these  authors  believe  that  their  graph  is  an 
oversimplification  and  needs  more  work;  therefore,  it  is  not  appropriate 
where  precise  values  are  needed. 

The  relationships  of  E to  CBR  (Figui-e  Ul)  and  plate  beai’ing 
value  (Figui'e  *43)  should  not  be  used  as  substitutes  for  direct  determina- 
tions of  E when  laboratory  testing  is  feasible. 

Temperature . The  significant  effect  of  temperature  on  the 
elastic  mod\ilus  of  AC  has  been  demonstrated  by  several  investigators. 

It  is  obvious  that  temperature  sliould  be  accounted  for  in  field  and  lab- 
oratory tests  on  AC.  Modulus  tests  performed  in  the  laboratoi'y  should 
duplicate  field  temi>erature  conditions.  Tlje  effect  of  temperature  on 
materials  other  than  AC  lias  not  been  extensively  studied;  therefore,  it 
is  evidently  not  considered  as  a significant  factor  or  is  not  practical 
to  consider  at  all.  The  effect  of  temperature  on  all  znaterials  except 
AC  will  have  to  be  ignored  under  the  present  state  of  the  ai*t. 


Strain.  Because  the  behavior  of  all  pavement  materials  is  in- 
elastic, that  is,  the  complete  stress-strain  cui’ves  ai’e  not  linear,  it 
is  important  to  indicate  which  modulus  value  is  being  discussed,  ‘lliis 


can  be  clarified  by  the  designations 


E^  for  initial  tiuigent  modulus. 


E^  for  tangent  modulus,  E^  for  secant  modulus,  or  F.^^  I'or  Izysteresis 
modulus,  'llie  stress  levels  at  which  the  moduli  values  ai-e  deteinuined 
should  also  be  Indicated. 


GENGITIVITY  OF  FAVl^lENT  REGFONGll^  TO 
CHANGEf.  IN  ELASTIC  CONSTANTS  ANU 
THICKNfciiS 

5 

Fichumani's  study  of  the  sensitivity  of  computed  pavement 
deflections  to  changes  in  elastic  constants  and  thickiiess  showed  that 


) 


1 
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the  E values  of  the  layers  of  flexible  pavement  could  be  in  error  by 
a factor  of  2 or  3 and  not  significaxitly  affect  the  computed  deflection. 
Also,  the  E value  of  the  PCC  could  be  in  error  by  a factor  of  about 
1.5  and  not  significantly  affect  the  deflections  computed  for  rigid 
pavements.  However,  he  varied  only  one  parameter  at  the  time,  but  in 
practice,  the  effect  of  choosing  erroneous  values  for  all  pavement 
layers,  including  a subbase  for  rigid  pavement,  should  be  considered. 
Consequently,  it  is  imperative,  if  accui*ate  results  ai*e  to  be  obtained 
from  the  layered  elastic  method,  that  values  of  E and  v be  estimated 
with  more  precision  than  he  indicates  is  necessai'y.  A comprehensive 
sensitivity  study  of  any  proposed  pavement  evaluation  raethodologj'  should 
be  made. 

Pichumani  also  showed  the  importance  of  accui'ate  values  for  v 
of  subgrade  materials.  However,  work  by  several  researchers  indicates 
that  V is  difficult  to  determine  even  under  carefully  controlled 
laboratory  conditions.  Therefore,  it  is  recommended  that  a procedui'e 
for  estimating  v be  adopted. 

RELATIONSHIPS  BETWEEN  VIBRATORY  TEST 
RESULTS  AND  MATERIAL  PARAMETERS 

MATHEMATICAL  MODELS 

2 3 

Weiss's  nonlinear  mathematical  model,  ’ which  describes  the 
response  of  a pavement  structui'e  to  vibratory  loading  of  the  WES  lb-kip 
vibrator,  appeal's  to  be  the  most  practical  and  accurate  procedui'e  to 
adopt  for  the  determination  of  elastic  constants.  The  Weiss  model  uses 
DSM  graphs  or  frequency  response  curves;  therefore,  other  foms  of  non- 
destructive test  results,  such  as  deflection  basins  or  wave  velocity 
measurements,  need  not  be  considered  at  this  time. 

VIBRATOR  WAVE  PATTERNS 

The  effect  of  the  input  wave  shape  on  the  response  of  a material 
in  not  known.  Tlie  response  of  the  pavement  system  and  subgrade  to 
sinusoidal  loading  of  the  vibrator  and  of  test  laboratory  specimens 
to  haversine  loading  will  be  assumed  to  approximate  the  response  to 
loading  by  the  vibrator. 
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EXI’KAPOLATION  OK  CONOTANTO  FROM 
LOW  TO  RIGH  STREGG  LEVELS 


Hardin's  method  for  extrapolation  of  shear  moduli  to  any  stress 
level  should  be  Included  in  the  proposed  evaluation  methodology. 

PRELIMINARY  RELATIONSHIP  BETWEEN  Wll^ 

VIBRATOR  AND  ELASTIC  CONSTANTS 

The  empirical  equation  that  relates  D^iM,  E , aiid  t adds  to  tlie 

evidence  that  vibratory  test  results  and  the  elastic  moduli  of  materials 

are  related.  A better  relationship  could  be  established  if  pavement  tmd 

subgrade  constants  were  known  with  more  precision.  However,  it  is 

recommended  that  efforts  be  directed  at  developing  and  complementing  the  « 

o 3 

Weiss  theory  ’ rather  than  improving  an  existing  empirical  relations)iip. 

liRKAKDOWN  OF  ONGOING  SlUDY  FOR  DE- 
VELOl’MENT'  OF  EVAUJATION  PROCEDURE 
BAt'^ED  ON  LAYERED  ELASTIC  THEORY 
AND  VIBRATORY  TEST  RESULTS 

The  ongoing  stud^-  can  be  divided  into  foiu*  tu-eas  of  work: 

a.  Field  and  laboratory  work  tliat  will  consist  of  performing 
nondestructive  testing  and  laboratory  testing  on  several 
different  types  of  soil  in  order  to  provide  data  with  which 
to  verify  the  theoretical  procedures  proposed  by  Weiss. 

b.  Choosing  the  best  methods  to  estimate  the  elastic  moduli  and 
Poisson's  ratios  of  pavement  la^'ers,  as  substitutes  for 
difficult  testing  methods. 

Ikirther  investigation  of  the  procedures  for: 

(1)  Extrapolating  modulus  values  to  any  strain  level. 

(2)  Relating  pavement  response  chai'acteristics  to  the 
vibrator  to  pavement  response  characteristics  to  the 
aircraft . 

(3)  Calculating  stresses  in  soils  due  to  vibratory  loading. 

(1*)  Deteminiivg  relationships  between  quasi-static  and 
dynamic  conditions. 

d.  Finally,  the  pertinent  infomation  contained  in  this  report; 
the  results  of  the  tJiree  ai'eas  of  work  listed  as  a,  b,  JUid 
£ above;  the  Weiss  theory;  luid  the  reverse  of  a design 
procedure  based  on  layered  elastic  theory  will  be  fomed  into 
a pavement  evaluation  procedure. 
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KeoiuTitit!;  ubbrevlutiona  ami  luuiibnla  an'  Hated  belov.  f^ymbola 
used  only  onee  or  repeatedly  in  close  proximity,  mid  defined  in  ttiat 
proximity,  are  not  aliown  in  tlie  Jist.  !.'ymlK)ls  of  this  type  appear  in 
some  tables  and  figui'es.  To  be  certain  of  tlie  si^iinlf icance  of  syiubois 
in  tables  and  figures,  tlio  reader  sliould  refer  to  ttie  pertinent  text. 
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Asphaltic  concrete 

Asphalt  Institute 

Dyuiunic  stiffness  modulus 

Young's  modulus;  elastic  modulus 

Hysteresis  modulus 

initial  tangent  modiulus 

Hcsilient  modulus 

Eecant  modulus 

Tangent  modulus 

Compl ex  modulus 

Magnitude  of  complex  modulus 

Federal  Aviation  Aviinlnisi.ration 

Cheat'  modul  us 

Thickness  of  a pavement  layer 
Massaelmsetts  Institute  of  Teeluiolog.v 
Kesllient  modulus 

Materials  Hesearch  and  lievelo^iment 

rortlmui  cement  concrete 

UC'N  Civil  Engineering  laboratory 

U.  C.  Anny  Ihigineer  Waterways  I'Lxperiment.  Ctation 

Cheat'  strain 

Ctrain 

Ctrains  along  the  axes,  x,  y,  mid  r. 
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